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INTRODUCTION. 


lagen analysis of the postulates! of relativity was undertaken in 


order to ascertain on just which of the postulates certain funda- 
mental conclusions of the theory depend. A moment’s reflection will 
convince one of the importance of such an analysis. Some of the con- 
clusions of relativity have been attacked by those who admit just the 
parts of the postulates from which the conclusions objected to can be 
derived by purely logical processes. In this paper I have sought to 
establish some of the most fundamental and most readily accessible 
conclusions of the theory on the smallest possible foundation from the 
«stulates. This plan of treatment, instead of giving rise to more com- 
plicated arguments than those hitherto usually employed, has had the 
opposite effect of leading to increased simplicity both in the notions 
which enter and in the arguments by which proofs are reached. 

\When the work was taken in hand it soon became evident that there 
was something to be done both on the postulates themselves and on the 
very first theorems which are to be deduced from them, as the reader will 
sce by reference to the treatment below. It thus appears that some of 
the most striking conclusions of the theory depend on only a part of the 
postulates. To bring this fact prominently into view in one’s mind is to 
put the whole subject in a clearer light where one may see better the inter- 
actions of its parts and its general relations to the whole body of scientific 
and philosophical knowledge. 

' In the theory of relativity the word ‘‘ postulate’’has been used in the sense in which one 


is accustomed to employ the term “law of nature.” 
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A certain method! has been consistently employed throughout the 
paper to indicate the postulates on which each theorem depends. Each 
postulate is designated by a letter. At the end of a theorem and enclosed 
in parentheses are references (by means of these letters) to the postulates 
on which the theorem as demonstrated depends. Thus theorem I. 
depends on postulates M and R’. 

In carrying out the initial purpose of the paper an important part of the 
general fundamentals of the theory of relativity come in for a fresh 
development along lines more or less new. It was observed that the 
addition to this essential matter of a relatively small amount of material 
would make the paper as a whole serve as an elementary introduction to 
the entire theory; and consequently such matter as was necessary to this 
end has been incorporated. I felt the more disposed to do this in view 
of the fact that even this additional material is presented in a somewhat 
novel manner. It is believed that the paper in its present form may be 
read profitably by one who is making his first acquaintance with the 
theory and that it will afford an easier introduction than any which has 
yet been offered. 

In every body of doctrine which consists of a finite number of postulates 
and their logical consequences there are necessarily certain theorems 
which have the following fundamental relation to the whole body of 


doctrine: By means of one of these theorems and all the postulates but 


one that remaining postulate may be demonstrated. That is, one may 
assume such a theorem in place of one of the postulates and then demon- 
strate that postulate. When the postulate has thus been proved it may 
be used in argument as well as the theorem itself; hence it is clear that 
all the consequences which were obtained from the first set of postulates 
may now be deduced again, though perhaps in a somewhat different 
manner. That is, if we consider the whole body of doctrine, composed of 
postulates and theorems, this totality is the same in the two cases. Two 
sets of postulates which thus give rise to the same body of doctrine (con- 
sisting of postulates and theorems together) are said to be logically 
equivalent. 

The problem of the logical equivalents of a given set of postulates is 
readily seen to be an important one. Not all sets of postulates logically 
equivalent to a given one are equally interesting. In fact, some sets may 
be cumbersome in form and unsatisfactory from an esthetic point of view. 
In the present analysis of the postulates of relativity attention has been 
given to determining some of their important logical equivalents—especial 
attention being given to those postulates which may replace the so-called 


1 This method has been employed by Veblen and Young in their Projective Geometry, 1910. 
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second postulate of relativity (our postulate R). A remark in this direc- 
tion has already been made by Tolman.! An indication of the results of 
this character obtained in the present paper is given below in the descrip- 
tion of the contents of part II. The principal value of such a matter, 
from the point of view of physical science, consists in the fact that it 
afiords alternative methods for the experimental proof or disproof of 
the theory of relativity and that it emphasizes in an effective way the 
essential difficulties and limitations of such experimental verification in 
general. 

lt is the writer’s purpose to treat further in a future paper the matter 
of the logical equivalents of the postulates. In this forthcoming work 
it is the intention to introduce the general laws of conservation of energy, 
mass, Momentum and electricity, to deduce certain joint consequences of 
these laws and the principle of relativity, and to determine which of the 
theorems so obtained may replace the relativity postulates (or one of 
them) without destroying the equivalence of the resulting totality of 
doctrine. 

Part |. of the present paper is devoted to a general statement and pre- 
liminary analysis of the postulates of relativity. In §1 1 give the funda- 
mental homogeneity postulates of space and time which underlie all 
physical theory. In § 2 the first characteristic postulate of relativity 
is given, while § 3 contains a statement of the second postulate. It is 
shown that a part of this postulate (in the form in which the postulate 
is usually stated) is a consequence of the other part and of the first 
postulate, together with the fundamental homogeneity postulates. 

Writers on relativity have usually stated only these two postulates. 
But as a matter of fact every one has made further assumptions; in some 
cases it appears to have been done unconsciously. To the present writer 
it seems desirable that these assumptions should be brought into the 
light as postulates. Accordingly, in § 4, I give those additional postulates 
which I shall use. One familiar with the theory will see that these as- 
sumptions are different from those usually employed (without explicit 
statement as postulates), as by Einstein? for instance. The choice has 
been made in the interest of simplicity in postulates and in proofs. The 
Writer believes that this innovation in the statement of the postulates is 


important. It leads to new and simpler proofs than those ordinarily 


employed; and this, it is hoped, will in large measure remove the feeling 
of vagueness which many persons experience in approaching the theory 
of relativity for the first time. 

' PHYSICAL REVIEW, 31 (1910): 26-40. 


* Jahrbuch der Radioaktivitat, 4 (1907): 411-462. See the assumptions stated in a footnote 
on p. 420. 
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Further remarks (of a general nature) on the postulates are added in 
§$ 5 and 6. 

In part II. I give a discussion of the relative measurements of space 
and time in two systems of reference which move with respect to each 
other and obtain Einstein's formule of transformation. In §§7 and 8 
it is shown that the most remarkable part of the conclusions of relativity 
concerning the time and space units is due to a part of the second postulate 
along with the other postulates; compare theorems III. and IV. In §9 
I treat the question of simultaneity of events happening at different 
places. In §§$ 10 and 11 I obtain Einstein's formule of transformation 
from one system of reference to another and also the addition theorem of 
velocities. These results are applied in § 12 to the problem of finding 
logical equivalents for the postulate R. 


I. Tue PosTuLATES OF RELATIVITY. 

$1. Postulates of Homogeneity.—There are two fundamental postulates 
concerning the nature of space and time which underlie all physical 
theory. They assert in part that every point of space is like every other 
point and that every instant of time is like every other instant. For our 
present purpose these postulates can best be given the following more 
exact and complete statement. 

PostTuLaATE [7;. Space is homogeneous and three-dimensional. 

PosTULATE J7s. Time is homogeneous and one-dimensional. 

One important meaning of these postulates, mathematically, is that 
the transformations of the space and time coérdinates are to be linear. 

All our theorems will depend directly or indirectly on these two postu- 
lates, those concerning space depending on /7; and those concerning time 
depending on Hz. Moreover, it is certain that no one will be disposed 
seriously to call these postulates in question. On account of these facts 
we shall consider it unnecessary to give any explicit reference to these 
postulates as part of the basis on which any particular theorem depends, 
it being understood once for all that they underlie all our work. 

§ 2. The First Characteristic Postulate—Those who postulate the exist- 
ence of an ether as a means of explaining the facts about light, electricity 
and magnetism have usually been in general agreement! as to the conclu- 
sion that this ether is stationary. Experimental facts, which have to be 
accounted for, cannot be explained satisfactorily on the hypothesis of a 
mobile ether. The theory of a stationary ether leads naturally to the 
conclusion that it would be possible for an observer to detect and measure 


1 See, however, a presentation of the opposing view by H. A. Wilson, Phil. Mag., 19 (1910): 
809-817. 
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his absolute motion with respect to the ether. In this way it was pre- 
dicted that the time which would be required for a beam of light to 


pass a given distance and return would be different in the two cases when 


the path of light was parallel to the direction of motion and when it was 
perpendicular to the direction of motion. 

But a classical experiment of Michelson and Morley,' in which the 
ray-path was wholly in air, put this prediction to a crucial test; and not 
ihe slightest difference of time was found in the passage of light along 
ihe two paths. The extreme precision of their methods leaves no doubt 

to the accuracy of the results. 

In a similar manner the theory of a stationary ether gave rise to the 
prediction that a charged condenser suspended by a wire would exhibit 

iorsional effect due to the earth’s motion. This prediction was tested 
in the crucial experiment of Trouton and Noble? with the result of showing 

it no such torsional effect is present. 

lhese results are in perfect agreement with the hypothesis that it is 
impossible to detect absolute translatory motion through space; and as a 
matter of fact they have been generalized into this hypothesis. A sharp 
formulation of this conclusion constitutes the first characteristic postulate 
of relativity. 

icfore stating the postulate, however, it will be necessary to introduce 
. definition. In order to be able to deal with such quantities as are in- 

lved in the measurement of motion, time, velocity, etc., it is necessary 
io have some system of reference with respect to which measurements 

be made. Let us consider any set of things consisting of objects and 
kind of physical quantities’ whatever each of which is at rest with 
rence to each of the others. Let us suppose that among these objects 
clocks, to be used for measuring time, and rods or rules, to be used 
measuring length. Such a set of objects and quantities, at rest rela- 

ly to each other, together with their units for measuring time and 
length, we shall call a system of reference.t Throughout the paper we 
shall denote such a system by S. In case we have to deal at once with 
(wo or more systems of reference we shall denote them by S;, Ss,--->. 
lurthermore, it will be assumed that the units of any two systems S; 
id Ss are such that the same numerical result will be obtained in measur- 
ing with the units of S,; a quantity L; and with the units of S: a quantity 
when the relation of L; to S, is precisely the same as that of L2 to Sb». 


‘Am. Journ. Science (3), 34 (1887): 333-345- 

Phil. Trans. Roy. Soc. (A), 202 (1904): 165. 

\s, for instance, charges, magnets, light-sources, telescopes, etc. 
‘It any number of these objects or quantities are absent we shall sometimes refer to what 
mains as a system of reference. Thus the system might consist of a single light-source 
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With this definition before us we are now able to state the first char- 
acteristic postulate of relativity: 

PostuLATE M. The unaccelerated motion of a system of reference S 
cannot be detected by observations made on S alone, the units of measurement 
being those belonging to S. 

The postulate, as stated, is a direct generalization from experiment. 
None of the actually existing experimental evidence is opposed to it. The 
conviction that future evidence will continue to corroborate it is so strong 
that objection has seldom or never been offered to this postulate by either 
the friends or the foes of relativity. No means at present known will 
enable the observer to detect absolute motion or motion through any 
sort of medium which may be assumed to pervade space. Furthermore, 
in every case where the heretofore accepted theory has predicted the 
possibility of detecting such motion and where sufficiently exact observa- 
tions have been made, it has turned out that no such motion was detected. 
Moreover, one at least! of these contradictions of theory has been out- 
standing for a period of twenty-five years and no satisfactory explanation 
has been offered unless one is willing to accept the law stated in postulate 
M above. It would appear, therefore, that in the present state of knowl- 
edge, the experimental evidence for the postulate should be considered 
of strong character. 

One additional remark should be made here. The direct experimental 
evidence which led to the formulation of postulate M was undertaken on 
account of predictions made on the basis of a theory of the ether as the 
vehicle of light and electricity. But the result which has been obtained 
is of a purely experimental character and does not in any way depend on a 
theory of the ether. In other words, the law stated in postulate M is in 
no way dependent either on the existence or the non-existence of the 
ether. It is important to keep this in mind on account of the confusion of 
thought which has arisen in some quarters as to the relation between the 
theory of relativity and the theory of the ether. The postulate is simply 
a generalization of experimental fact; and, unless an experiment can be 
devised to show that this generalization is not legitimate, it is natural and 
in accordance with the usual procedure in physics to accept it as a “‘law 
of nature.’”’ Theory, then, must be made to agree with it and not it 
with theory. 

§ 3. The Second Characteristic Postulate-——The so-called second postu- 
late of relativity, in the form in which it has frequently been stated,’ in- 
volves two entirely distinct parts. To the present writer it appears 


1 Reference here is to the Michelson and Morley experiment. 
2 See the postulate R below and the remarks which lead up to it. 
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that no inconsiderable part of the difficulty which has been felt concerning 
this second postulate has been due to a failure to perceive the inter- 
dependence of these two parts and of postulate M above. Precisely 
that part of the second postulate to which most objection has been raised 
is a logical consequence of M and of the other part, the part last mentioned 
being a statement of a law which for a long time has been accepted by 
physicists. Consequently, we shall state separately the two parts of the 
second postulate and bring out with care the interdependence of these 
and postulate M above. 

The part which we shall give first states a principle which has long 
been familiar in the theory of light, namely, that the velocity of light is 
unaffected by the velocity of the source. In other words the velocity 
with which light passes an observer is not increased if the light-source 
moves toward the observer or decreased if it recedes from him. Stated in 
exact language this postulate is as follows: 

PosTuLATE R’. The velocity of light in free space, measured on an un- 
accelerated system of reference S by means of units belonging to S, is inde- 
pendent of the unaccelerated velocity of the source of light. 

lhe law stated in this postulate is a conclusion which follows readily 
from the usual undulatory theory of light and will therefore be accepted 
by any one who holds to that theory. But it should be emphasized that 
k’ does not depend for its truth on any theory of light. It is a matter for 
direct experimental verification or disproof, and this should be made in 
such way as to be independent, as far as possible, of all general theories 
of light, at least insofar as they are not supported by direct experimental 
evidence. So far as the writer is aware, there is no experimental evidence 
which is undoubtedly opposed to postulate M, while on the other hand 
ihere is direct experimental evidence which by some is believed to be 
definitely in its favor. Tolman,! in particular, has considered this matter 
in relation to the Doppler effect and to the velocity of light from the two 
limbs of the sun; and has concluded that experiment bears out the 
postulate. Stewart,’ on the other hand, has examined the same experi- 
ments and has found an explanation for them in Thomson’s electro- 
magnetic emission theory of light. According to Stewart these experi- 
ments are in agreement with our postulate M but are opposed to our 


postulate R’. All other attempted proof or disproof of the postulate 


appears to be in the same state; it is capable of two interpretations which 
are directly opposed to each: other with respect to their conclusions as 
to the validity of R’. Thus at present there is no undoubted experimental 


' PHYSICAL REVIEW, 31 (1910): 26—40. 
* PHYSICAL REVIEW, 32 (1911): 418-428. 
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evidence for or against postulate R’. If the assumption is to be proved 
at all, either new experiments must be devised or it must be proved by 
indirect means by showing that it is a consequence of experiment and 
accepted laws. 

Now any one who accepts postulates M and R’ will perforce accept also 
all the logical consequences which necessarily flow from them. Of these 
logical consequences we shall now prove one which is of great importance 
in the theory of relativity: 

THEOREM I. The velocity of light in free space, measured on an unac- 
celerated system of reference S by means of units belonging to S, is inde- 
pendent of the direction of motion of S (MR’'). 

Since by R’ the velocity of light is independent of that of the light- 
source we may suppose that the light-source belongs to the system S. 
Now let the velocity of light, as it is emitted from this source in various 
directions, be observed and tabulated. On account of the homogeneity 
of space mere direction through space will have no effect on these observed 
velocities; and therefore it they differ at all, the difference will be due to 
the velocity of S. Now if there were a difference due to the direction of 
motion of S this difference would put in evidence the motion of S. But 
by M it is impossible to detect such motion in this way. Hence the 
observed velocity must be the same in all directions. In other words, 
it is independent of the direction of motion of S; and thus the theorem 
is proved. 

It is clear, however, that we cannot take the next step and prove that 
this observed velocity of light is independent of the absolute value of the 
velocity of S, as Tolman® appears to conclude. To see this clearly, let us 
suppose that the absolute value of the velocity of S does affect the ob- 
served velocity of light. On account of R’ it will have the same effect 
on the observed velocity of light whatever may be the unaccelerated 
motion of the light-source. Hence, from all possible observations, the 


experimenter will have only a single datum from which to determine the 


effect of one phenomenon on another; namely, a datum in which the 
two phenomena are connected in a certain definite way. It is obvious 
then that he cannot determine the effect of one of the phenomena on the 
other; for he can never observe the one without the other being present 
also and the connection which exists between them is always the same 
however he may vary his experiment. And if the observer cannot deter- 
mine an existing effect it is clear that he cannot prove the absence of 
any effect whatever. 

1 Letters attached to a theorem in this way indicate those of the postulates (exclusive of 


H, and H:2) on which the theorem depends. See Introduction and §1. 
2 PHYSICAL REVIEW, 31 (1910), p. 27. 
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Rut, although the absence of this effect cannot be proved, it is probably 
m possible to conceive any satisfactory way in which it could be present. 
Physical intuition is emphatic (and it may be that this is what Tolman 
‘intended to say in the passage cited) in asserting that if the direction of 
the velocity of S has no effect on the observed velocity of light then the 
absolute value of the velocity of S has no effect on such observed velocity. 
ut this does not constitute a proof. There is in this, however, nothing 
io invalidate the naturalness of the assumption of such independence of 
‘he two velocities; in fact, it would be unscientific to make a different 
<sumption (which would necessarily introduce greater complications) 
unless we were forced to it by unquestioned experimental fact. Accord- 
. we shall make the assumption and shall state it as postulate R’’: 
PostTuLATE R”. The velocity of light in free space, measured on an un- 
crated system of reference S by means of units belonging to S, 1s inde- 
dent of the absolute value of the velocity of S. 
PostuLATE R. The postulate obtained by combining R’ and R” will, 
r convenience, often be referred to as postulate R. 
\ow, since unaccelerated velocity is completely determined when the 
solute value of the velocity and the direction of the motion are given 
truth of the following theorem is an immediate consequence of 
corem L. and postulate R”’. 
lueoREM II. The velocity of light in free space, measured on an un- 
rated system of reference S by means of units belonging to S, is inde- 
lent of the velocity of S (MR). 
le second postulate of relativity has usually been stated in a form 
iiicrent from that given above in R’ and R” or R. In fact, the truth of 
orem |. has often been taken as part of the assumption in this postu- 
cv, notwithstanding that I. can be derived from M and R’. Now, it is 
iscly the assumption of I. that has given most difficulty to some 
rsons. It is believed that a part of this difficulty will disappear in view 
the fact that I. is here demonstrated by means of M and R’. 
lor the sake of convenience in future discussion one of the customary 
rmulations of the second postulate is appended here. It must be re- 
cmbered, however, that it is not a separate constituent part of our 
escent body of doctrine but is already contained in M and R, in part 
‘rectly and in part as a necessary consequence of these postulates. 
POSTULATE R. The velocity of light in free space, measured on an un- 
celerated system of reference S by means of units belonging to S, is inde- 
ocndent of the velocity of S and of the unaccelerated velocity of the light-source. 
rom the very nature of the postulate R” it is difficult to obtain direct 
‘xperimental evidence for or against it. It seems, however, as we have 
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already pointed out, that one who accepts theorem I. can hardly refuse 
to assume R”’. But theorem I. is a logical consequence of postulates 
M and R’, as we have shown. Moreover, from what follows it will be 
seen that we have occasion to make no further assumptions which can 
in any way run counter to currently accepted notions. Consequently, 
it would seem that the experimental evidence for or against the whole 
theory of relativity must center around postulates M and R’. We have 
already given some account of the experimental evidence for these postu- 
lates. In connection with theorems to be derived later (in this paper and 
in another which the writer has in preparation) further reference will be 
given to the existing experimental evidence and some other possible 
lines of research in this direction will be pointed out. 

It is generally conceded that the strange conclusions which flow from 
the theory of relativity are due to postulate R (or to postulate R, in the 
customary formulation). In view of the theorem I. above and our dis- 
cussion of its consequences, it is now clear! that the strangeness in the 
conclusions of relativity is due to that part of R which is contained in R’. 
It is important therefore to have a careful analysis of this postulate and 
especially to know alternative forms, which, in view of the other postu- 
lates, are logically equivalent to it. One such form has already been 
given by Tolman (I. c., p. 36), who has also urged the importance of the 
general problem. In the second paper of this series the alternative form 
due to Tolman will be subjected to a fresh analysis. As already pointed 
out in the Introduction, other alternative forms will also be given. 

$4. The Postulates V and L.—It has been customary for writers on 
relativity to state explicitly only the postulates Mand R. But every one, 
as a matter of fact, has made further assumptions concerning the relations 
of the two systems. These assumptions in some form are essential to 
the initial arguments and to the conclusions which are drawn by means 
of them. To the present writer it seems preferable to have these assump- 


tions explicitly stated. Among the several forms, any one of which 


might be chosen, there is one which seems to us to be decidedly simpler 
than any of the others; and it is this one which we shall employ here. 
We state the postulates V and L as follows: 

PosTULATE V. If the velocity of a system of reference Sz relative to a 
system of reference S, is measured by means of the units belonging to 5; 
and if the velocity of S, relative to S, is measured by means of the units 
belonging to Se the two results will agree in absolute value. 

This velocity we shall call the relative velocity of the two systems. 
The direction line of this velocity will be called the line of relative motion 
of the two systems. 


1 This has already been pointed out by Tolman, I. c., pp. 27-28. 
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PosTULATE L. If two systems of reference S,; and Sz move with unac- 
elerated relative velocity and if a line segment | is perpendicular to the 

line of relative motion of S, and S2 and is fixed to one of these systems, then 
the length of | measured by means of the units belonging to S, will be the 
same as its length measured by means of the units belonging to So. 

The essential content of these two postulates may be stated in simpler 
terms (but less accurately) if one allows the explicit introduction of the 
observer. Thus V is roughly equivalent to the following statement: 
Two observers whose relative motion is uniform will agree in their measure- 
ment of that uniform relative motion. As an approximate equivalent of L 
we have: Two observers whose relative motion is uniform will agree in their 
measurement of length in a line perpendicular to their line of relative motion. 

[t will be observed that these two postulates are nothing more than 
explicit. statements of notions which underlie the classic theories of 
mechanics. The first is assumed in supposing that there exists such a 
thing as the relative motion of two bodies which are not at rest relatively 
to cach other. The second is nothing more than the statement of a 
portion of the idea which lies at the bottom of our conception of such a 
thing as the length of a rod or other object. 

Since these two postulates are universally accepted, the question might 
naturally arise, Why state them at all? Is it not enough simply to take 
them for granted? The answer is that there are other notions which have 
heretofore met with the same universal acceptance and which do not agree 
with the postulates of relativity. Therefore it seems to be desirable— 
in fact, to be essential to proper logical procedure—to state explicitly 
just those assumptions concerning the relation of the two systems of 
reference which we shall have occasion to employ in argument. Only in 
(his way is one able to see exactly on what basis our strange conclusions 
rest. 

\Ve shall make a digression here to say one further word about postu- 
late L. In part II]. we shall draw the conclusion that length in the line of 
motion is not independent of the velocity with which the system is 
moving. In view of this the question arises as to why we must assume 
that length in a line perpendicular to the motion is independent of the 
motion. The answer is that we are under no such necessity, that we are 
at liberty to assume that length in a line perpendicular to the motion is 
dependent on the velocity of such motion. In fact, the general formula- 
tion of such an hypothesis has already been made by E. Riecke.! This 
hypothesis, however, is undoubtedly more complicated and less elegant 
than the one which we have made; and the latter, as we shall see, is in 


' Gottinger Nachrichten, Math. Phys., 1911, pp. 271-277. 
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conflict with no known experimental facts. Therefore, following that 
instinct which has always wisely guided the physicist, we make the 
simplest hypothesis! which is in agreement with and explanatory of the 
totality of experimental facts at present known. If at any time experi- 
ments are set forth which do not agree with the theory developed on the 
basis of the above postulates, then will be the time to consider the 
question of introducing a more complicated postulate in place of our 
postulate L above. 

§ 5. Consistency and Independence of the Postulates—Throughout the 
paper it will be assumed that the postulates as stated are consistent; 
that is to say, no attempt will be made to prove their consistency. The 
fact that no contradictory conclusions have been drawn from the postu- 
lates will be accepted as (partial) evidence that they are mutually con- 
sistent. Moreover, from their very nature and from the differing range 
of applicability of the several postulates it is difficult to conceive how any 
one of them can possibly contradict conclusions which may be drawn 
from the others. 

There is another question also which it is our purpose to pass over 
without discussion, namely, the question of the logical independence of 
the postulates. Is any postulate or a part of any postulate a logical 
consequence of the remaining postulates? This question is important 
from the point of view of formal logic, but in the present case its value 
to physical science is probably small. 

§ 6. Other Postulates Needed—From the postulates stated above it is 


possible to draw only those conclusions of the theory of relativity which 


are of a general nature. If, for instance, it is desired to study the nature 
of mass or the relation of mass and energy in this theory, it is necessary 
to have some assumption concerning mass in the first case and concerning 
both mass and energy in the second case. Thus we might assume the 
conservation laws of mass, energy, electricity, and momentum and deduce 
the joint consequences of these assumptions and those given above. It is 
our purpose to return to this matter in a future paper. For the present 
we are concerned only with the postulates above stated and their con- 


sequences. 


II. RELATIVE MEASUREMENTS OF TIME AND SPACE IN Two SYSTEMS 
OF REFERENCE. TRANSFORMATIONS. 

§ 7. Relations Between the Time Units.—Let us consider three systems 

of reference S, S; and S: related to each other in the following manner: 

The lines of relative motion of S and S;, of S and So, of S; and S2 are all 


1 This hypothesis is in agreement with Einstein's theory of relativity. 
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parallel; S; and S: have a relative velocity v'; S and S, have a relative 


velocity }v in one sense and S and S; have a relative velocity $v in the 
opposite sense. The system S consists of a single light-source, and this 
source is symmetrically placed with respect to two points of which one 
is fixed to S; and the other is fixed to S:. This is possible as a permanent 
relation on account of the relative motions of the three systems. For 
convenience, let us assume S to be at rest. 

\Ve shall now suppose that observers on the systems S; and S2 measure 
the velocity of light as it emanates from the source S. Let a point A in 
S, and a point B in S, which are symmetrically placed with respect to the 
light-source S, move along the lines /; and /,; these lines are parallel. 
From postulate L it follows that observers on S; and S2 will obtain the 
sime measurement of the distance between /; and l. Denote this dis- 
tance by d. On account of postulate M neither observer is able to detect 
his motion. Therefore he will make his 
observations on the assumption that his Cc 8B Opa f 
system is at rest; that is to say, his \ a j-* 

{4 





Ss ad \ 
7 


ile units belonging to his system and no DeE 


measurements will be made by means of 











corrections will be made on account of Fig. 1. 
ihe motion of the system. Let the ob- 
server on S; reflect a beam of light SA from the point A to a point C on 
and back to A; and let the observed time of passage of the light from 
A to Cand back toA bet. Since the observer assumes his system to be 
it rest he will suppose that the ray of light passes (in both directions) 
along the line AC which is perpendicular to /; and 22. His measurement 
of the distance traversed by the ray of light in time ¢ will therefore be 
2d. Hence he will obtain as a result 


where c is his observed velocity of light. 

Similarly, an observer on S2, supposing his system to be at rest, finds 
the time 4; which it requires for a ray of light to pass from B to D and 
return, the ray employed being gotten by reflecting a ray SB at B. Thus 

ic second observer obtains the result 


2d 


= Ci 
ty ; 


where ¢ is his observed velocity of light. 


' Note that postulate V is required to make this hypothesis legitimate. 
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Now, from the assumed relations among the systems S, S; and S: and 
from the homogeneity of space it follows that the two observations which 
we have supposed to be made must lead to the same estimate for the 
velocity of light. This is readily seen from the fact that the observations 
were made in such a way that the effect due to either the absolute value 
or the direction of the motion of the systems S,; and S: is the same in the 
two cases. In other words, if we denote by Z; and Ly the quantities 
measured on S; and S»: respectively, then the relation of LZ; to S; is pre- 
cisely the same as that of Le to Se; and hence the numerical results are 
identical, as one sees from the definition of systems of reference. There- 
fore we have ¢ = c. 

Let us now suppose that the observer at A is watching the experiment 
at B. To him it appears that B is moving with a velocity v; we shall 
assume that the apparent motion is in the direction indicated by the 
arrow. To the observer at B it appears that the ray of light traverses 
BD from B to D and returns along the same line to B. To the observer 
at A it appears that the ray traverses the line BEF, F being the point 
which B has reached by the time that the ray has returned to the observer 
at this point. If EG is perpendicular to /, and d; is the length of EF as 
measured by means of units belonging to S,, then, evidently, GF (when 
measured in the same units) is 8d;, where 8 = v/Z and Z is the (apparent) 


velocity of light as estimated in this case by the observer at A. From 


the right triangle EFG it follows at once that we have 
d 
Vi-s 
Now, if 7 is the time which is required, according to the observer at A, 
for the light to traverse the path BEF, then we have 


¢ = 


2d, 2d ss 
so 2 - = € 
U Vi — # 

So far in our argument in this section we have employed only those of 
our postulates which are generally accepted by both the friends and the 
foes of relativity. Now we come to the place where the men of the two 
camps must part company. 

Let us introduce for the moment the following additional hypothesis. 

AssuUMPTION A. The two estimates c and € of the velocity of light ob- 
tained as above by the observer at A are equal. 

Now we have shown that c is equal to ;. Hence we may equate the 
values of c; and @ given above; thus we have 


2d 2d 


h iW1— Bs’ 
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th = 11 — B. 
But 4; and ? are measures of the same interval of time, 4; being in units 
belonging to S, and ? being in units belonging to S;._ Hence to the ob- 
server on S; the ratio of his time unit to that of the system S, appears 
to be } 1 — B®: 1. On the other hand, it may be shown in exactly the 
same way that to the observer on S; the ratio of his time unit to that of 


the system S; appears to be V1 — 62:1. That is, the time units of the 


iwo systems are different and each observer comes to the same conclusion 
as to the relation which the unit of the other system bears to his own. 

This important and striking result may be stated in the following 
theorem: 

PukoREM III. Jf two systems of reference S, and S2 move with a relative 
velocity v and B is defined as the ratio of v to the velocity of light estimated 
in the manner indicated above, then to an observer on S, the time unit of S; 
appears to be in the ratio V1 — B? : 1 to that of S: while to an observer on Sz 
the time unit of S, appears to be in the ratio V1 — 6: 1 to that of S, (MVLA). 

Let us now bring into play our postulate R’. In theorem I. we have 
already seen that a logical consequence of M and R’ is that the velocity 
of light, as observed on a system of reference, is independent of the 
direction of motion of that system. Now, if c and Z as estimated above 
difler at all, that difference can be due only-to the direction of motion of 
S;, as one sees readily from postulate R’ and the method of determining 
these quantities. Hence the statement which we made above as assump- 
tion A is a logical consequence of postulates M and R’. Therefore we 
are led to the following corollary of the above theorem: 

COROLLARY. Theorem III. may be stated as depending on (MVLR’) 
instead of on (MVLA). 


Let us now go a step further and employ postulate R”. From theorem 
|. and postulates R’ and R” it follows that the observed velocity of light 
is a pure constant for all admissible methods of observation. If we make 
use of this fact the preceding result may be stated in the following simpler 
lorm: 

THeorEM IV. If two systems of reference S; and Sz move with a relative 
velocity v and B is the ratio of v to the velocity of light, then to an observer on 
‘; the time unit of S; appears to be in the ratio Y1- B : 1 to that of Se 
while to an observer on Ss the.time unit of S, appears to be in the ratio 
V1 — 6:1 to that of S; (MVLR). 

Let us subject these remarkable results to a further analysis. Theorem 
Ill., its corollary and theorem IV. all agree in the extraordinary conclu- 
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sion that the time units of the two systems of reference S, and S2 are of 
different lengths. Just how much they differ is a secondary matter; that 
they differ at all is the surprising and important thing. As postulates 
M, V, Lare generally accepted and have not elsewhere led to such strange 
conclusions it is natural to suppose that the strangeness here is not due 
to them. 

Referring to the argument carried out above, we see that no unusual 
conclusions were reached until we had introduced and made use of as- 
sumption A. Moreover we have seen that this assumption itself is a 
logical consequence of M and R’. Further, R” is not involved either in 
theorem III. or in its corollary. But these already involve the strange 
features of our results. Hence the conclusion is irresistible that the 
extraordinary element in these results is due to postulate R’—or to speak 
more accurately, to just that part of it which it is necessary to use in 
connection with M in order to prove A as a theorem. 

This result is important, as the following considerations show.  Pos- 
tulates V and L state laws which have been universally accepted in the 
classical mechanics. Postulate M is a direct generalization from experi- 
ment, and the generalization is legitimate according to the usual pro- 
cedure of physicists in like situations. Postulate R’ is the statement of a 
principle which has long been familiar in the theory of light and has met 
with wide acceptance. Thus we see that no one of these postulates, in 
itself, runs counter to currently accepted physical notions. And yet 
just these postulates alone are sufficient to enable us to conclude that 
corresponding time units in two systems of reference are of different 
magnitude. In the next section we shall show on the basis of the same 
postulates that the corresponding units of length in the two systems are 
also different. Thus the most remarkable elements in the conclusions 


of the theory of relativity are deducible from postulates M, V, L, R’ alone; 


and yet these are either generalizations from experiment or statement of 


laws which have usually been accepted. Hence we conclude: The theory 
of relativity, in its most characteristic elements, is a logical consequence of 
certain experiments together with certain laws which have for a long time been 
accepted. 

One other remark, of a totally different nature, should be made with 
reference to the characteristic result of theorem IV. It has to do with 
the relation between the time units of the twosystems. This relation is 
intimately associated with the fact that each observer makes his measure- 
ments on the hypothesis that his own system is at rest, while the other 
system is moving past him with a velocity v. If both observers should 
agree to call S fixed and if further in this modified ‘“universe’’ our 
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postulates V, LZ, R, were still valid it would turn out that the two observers 


would find their time units in agreement. But, in view of M, the choice 
of S as fixed would undoubtedly seem perfectly arbitrary to both ob- 
servers; and the content of the modified postulate R would be essentially 
different from that of the postulate as we have employed it. Hence, if 
we accept R as it stands—or, indeed, even a certain part of it, as we have 
shown above—we must conclude that the time units in the two systems 
are not in agreement, in fact, that their ratio is that stated in the theorems 
above. . 

$8. Relation Between the Units of Length—Let us consider three sys- 
tems of reference S, S; and S: related in the same manner as in the pre- 
ceding section except that now the two 
lines /, and J, coincide. We suppose Cc 





that S; is moving in the direction indi- 
cated by the arrow at A and that S2 is Fig. 2. 
moving in the direction indicated by the arrow at B. 

\Ve suppose that observers at A and B again measure the velocity of 
light as it emanates from 5S, this time in the direction of the line of motion. 
Each will carry out his observations on the supposition that his system 
is at rest, for from M it follows that he cannot detect the motion of his 
system. The observer at A measures the time ¢, of passage of a ray of 
light from A to C and return to A, the length of AC being d when the 
measurement is made with a unit belonging to S;. Likewise, the observer 
at B measures the time f; of passage of a ray of light from B to D and 
return to B, the length of BD being d when measured with a unit belonging 
tO Se. 

Just as in the preceding case it may be shown that the two observers 
must obtain the same estimate for the velocity of light. But the estimate 
of the observer at A is 2d/t,; while that of the observer at B is 2d/te. 
Hence 


th = by; 


that is, the number of units of time required for the passage of the ray 
at 1 and of the ray at B is the same, the former being measured on 5S; 
and the latter on S.. Moreover, the measure of length is the same in the 
two cases. But the units of time, as we saw in the preceding section, 
do not have the same magnitude. Hence the units of length of the two 
systems along their line of motion do not have the same magnitude; 
and the ratio of units of length is the same as the ratio of units of time. 

Combining this result with theorem III., its corollary, and theorem IV. 
we have the following three results: 

TutoreM V. If two systems of reference S; and S2 move with a relative 





170 R, D. CARMICHAEL, (VoL. XXXyV, 


velocity v and B 1s defined as the ratio of v to the velocity of light estimated in 
the manner indicated in the first part of § 7, then to an observer on S, the 
unit of length of S, along the line of relative motion appears to be in the ratio 
V1 — 8:1 to that of S. while to an observer on So the unit of length of S, 
along the line of relative motion appears to be in the ratio V1 — B® :1 to 
that of S; (MVLA). 

COROLLARY. Theorem V. may be stated as depending on (MVLR’) 
instead of on (MVLA). 

THEOREM VI. Jf two systems of reference S; and S2 move with a relative 
velocity v and if B 1s the ratio of v to the velocity of light, then to an observer 
on S, the unit of length of S; along the line of relative motion appears to be 
in the ratio V 1 — 8°: 1 to that of S2 while to an observer on Ss the unit of 
length of S2 along the line of relative motion appears to be in the ratio Vi- 8 
: I to that of S; (MVLR). 

We might make an analysis of these results similar to that which we 
gave for the corresponding results in the preceding section. But it 
would be largely a repetition. It is sufficient to point out that the re- 
markable conclusions as to units of length in the two systems rest on just 
those assumptions which led to the strange results as to the units of 
time. 

§ 9. Simultaneity of Events Happening at Different Places.—Let us now 
assume two systems of reference S and S’ moving with a uniform relative 
velocity v. Let an observer on S’ undertake to adjust two clocks at 
different places so that they shall simultaneously indicate the same time. 
We will suppose that he does this in the following very natural manner: 
Two stations A and B are chosen in the line of relative motion of S and S’ 
and at a distance d apart. The point C midway between these two 
stations is found by measurement. The observer is himself stationed at 
C and has assistants at A and B. A single light signal is flashed from 
C to A and to B, and as soon as the light ray reaches each station the 
clock there is set at an hour agreed upon beforehand. The observer 

on S’ now concludes that his two 


A#d 4278 


Cc 7 





clocks, the one at A and the other at 
Fig. 3. B, are simultaneously marking the 
same hour; for, in his opinion (since 
he supposes his system to be at rest), the light has taken exactly the same 
time to travel from C to A as to travel from C to B. 

Now let us suppose that an observer on the system S has watched the 
work of regulating these clocks on S’.. The distances CA and CB appear 
to him to be 


1 Compare Comstock, Science, 31 (1900): 767-772. 
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ldV 1— 6? 
instead of 3d. Moreover, since the velocity of light is independent of the 
velocity of the source, it appears to him that the light ray proceeding 
from C to A has approached A at the velocity c + v, where c is the velocity 
of light, while the light ray going from C to B has approached B at the 
velocity c — 2. Thus to him it appears that the light has taken longer 
to vo from C to B than from C to A by the amount 
ldVi-B tdVi- Pe . vdV1 — 6 


c-v ctv @-¥v 


But since 8 = v/c the last expression is readily found to be equal to 


v d : 
C Ws 8° ; 


Therefore, to an observer on S the clocks on S’ appear to mark different 
times; and the difference is that given by the last expression above. 

Thus we have the following conclusion: 

THEOREM VII. Let two systems of reference S and S’ have a uniform 
relative velocity v. Let an observer on S’ place two clocks at a distance d 
apart in the line of relative motion of S and S‘' and adjust them so thai they 
appear to him to mark simultaneously the same time. Then to an observer 
on S the clock on S' which is forward in point of motion appears to be behind 
in point of time by the amount 


v d 
eC VYi-sf 
where ¢ 1s the velocity of light and B = v/c (MVLR). 

It should be emphasized that the clocks on S’ are in agreement in the 
only sense in which they can be in agreement for an observer on that 
system who supposes (as he naturally will) that his own system is at 
rest’ notwithstanding the fact that to an observer on the other system 
there appears to be an irreconcilable disagreement depending for its 
amount directly on the distance apart of the two clocks. 

\ccording to the result of the last theorem the notion of simultaneity 
of events happening at different places is indefinite in meaning until 
some convention is adopted as to how simultaneity is to be determined. 
In other words, there is no such thing as the absolute simultaneity of events 
iappening at different places. 

$ to. Transformation of Space and Time Coérdinates.—It is now an easy 


latter to derive the Einstein formula! for the transformation of space 


‘Jahrbuch der Radioaktivitat, 4 (1907): 418-420. 
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and time coérdinates. Let two systems of reference S and S’ have the 
relative velocity v in the line]. Let systems of rectangular coérdinates 
be attached to the systems of reference S and S’ in such way that the 
x-axis of each system is in the line /, and let the y-axis and the z-axis of 
one system be parallel to the y-axis and the z-axis respectively of the 
other system. Let the origins of the two systems coincide at the time 
t =o. Furthermore, for the sake of distinction, denote the coédrdinates 
on S by x, y, 2, t and those on S’ by x’, y’, 2’, t’. We require to find the 
value of the latter coérdinates in terms of the former. 

From postulate LZ it follows at once that y’ = y and 2’ = sz. Let an 
observer on S consider a point which at the time ¢t = 0 appears to him 
to be at distance! x from the y’s’-plane; at time ¢ = ¢ it will appear to 
him to be at the distance x -- vt from the y’z’-plane. Now, by an observer 
on S’ this distance is denoted by x’. Then from theorem, VI. we have 


x’/V1 — B =x — v0. 


Now consider a point at the distance x from the yz-plane at time ¢ = t¢ in 
units of system S. From theorem VII. it follows that to an observer 
on S the clock on S’ at the same distance x from the yz-plane will appear 
behind by the amount 


where c is the velocity of light. That is, in units of S this clock would 


register the time 


Hence, by means of theorem IV., we have at once the result 


v 
UVi-P=t— ox. 


2 


Solving the two equations involving x’ and ?¢’ and collecting results, we 


have 


aplt- a") 
= — 4X7; 
Vi-p ce 


I 7 
= vena (x — vt), (MVLR) 


= 7, 


= & 
= 2, 


where 8 = v/c and ¢ is the velocity of light. 
In the same way we may obtain the equations which express ?¢, x, ¥, 2 


1 The algebraic sign of the distance is supposed to be taken into account in the value of +. 
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) 
+3 


in terms of t’, x’, y’, 2’. But these can be found more easily by solving 


equations (A) for #’, x’, y’, 2’. Thus we have 


l 


(MVLR) 


These two sets of equations (A) and (A;) are identical in form except 
for the sign of v. This symmetry in the transformations constitutes one 
of their chief points of interest. 

Qur method of proof of these formula is very different from that of 
Einstein, as a comparison will readily show. The difference is due pri- 
marily to our use of postulates V and L instead of the assumptions of 
Kinstein.! 

In a paper? entitled ‘The Common Sense of Relativity’’ Campbell has 
made some interesting remarks concerning these transformations. 

$11. The Addition of Velocities.—For the sake of completeness’ in the 
presentation of the fundamental results of relativity and for use in the 
next section we derive here the formule for addition of velocities due to 


Einstein. 


Let the velocity of a point in motion be represented in units belonging 


to S’ and to S by means of the equations 


, U , 


x’ =u,t', y =Uuyl’, 2 = ut’; 

x =Uuzt, y=rut, 2 =Uu,t, 
respectively. In the first of these substitute for ¢’, x’, y’, 2’ their values 
given by (A), solve for x/t, y/t, 2/t and replace these quantities by their 
equals Uz, Uy, Uz, respectively. Thus we have 
_ Uy +uv 


Uz ; 
Vuy 


a 


(MVLR) 


' Einstein, 1. c., p. 420, footnote. 

* Phil. Mag., 21 (1911): 502-517; see esp. pp. 505-507. 
* See remarks in the Introduction. 

* Kinstein, l. c., pp. 422-424. 
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From these results it follows that the law of the parallelogram of 
velocities is only approximate. This conclusion of the theory of rela- 
tivity has given rise, in the minds of some persons, to the most serious 
objections to the entire theory. 

Suppose that both the velocities considered above are in the line of 
relative motion of S and S’. Then we have 

v+u’ 
“u = " 
vu 
1+ => 
cd 
This equation gives rise to the following theorem: 

THEOREM VIII. Jf two velocities, each of which is less than c, are com- 
bined the resultant velocity is also less than c (MVLR). 

To prove this we substitute in the preceding equation for v and w’ the 
values 


v=c—k, w=c-—l, 


where each of the numbers k and / is positive and less than c. Then the 
equation becomes 
2c-—k-l 


“= cC- 


T° 


k 
2e—k—-1+-— 
( 


The second member is evidently less than c. Hence the theorem. 

If, however, either one (or both) of the velocities v and wu’ is equal to 
c—and hence k or / (or both) is equal to zero—we see at once from the 
last equation that « = c. Hence, we have the following result: 

THEOREM IX. Jf a velocity c is compounded with a velocity equal to or 
less than c, the resultant velocity is c (MVLR). 

Remark.—A conclusion of importance is implicitly involved in the 
results obtained in §§ 7-11. It can probably be seen in the simplest way 
by reference to the first two equations (A), these being nothing more nor 
less than an analytic formulation of theorems IV. and VI. If 8 is in 
absolute value greater than I—whence I — f is negative—the trans- 
formation of time coérdinates from one system to the other gives an 
imaginary result for the time in one system if the time in the other system 
is real. Likewise, measurement of length in the direction of motion is 
imaginary in one system if it is real in the other. Both of these con- 
clusions are absurd and hence the absolute value of 8 is equal to or less 
thant. Ifit isone, then any length in one system, however short, would 
be measured in the other as infinite; and a like result holds for time. 
Hence 8 is less than 1. But 8 = o/c, the ratio of the relative velocity of 
the two systems to that of light. Hence, the velocity of light is a maxi- 
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mum which the relative velocity of two systems may approach but can 
never reach. This may be formulated in the following theorem: 

THEOREM X. The velocity of light is a maximum which the velocity of 
« material system may approach but can never reach (MVLR). 

It should be pointed out that this theorem may also be proved directly 
from theorem LX, as one can readily show. This fact will be useful in 
the next section. 

$12. Logical Equivalents of the Postulates—We shall now show that 
theorem LX. is in a certain sense a logical equivalent of R. From IX. it 
follows, as we have seen in theorem X., that the velocity of a material 
body is less than the velocity of light. But the source of light is always 
a material body; and therefore no light source can have a velocity as 
ereat as that of light. Now, the following is a natural hypothesis: 

PostuLATE B. The velocity of the light source cannot add' to the velocity 
of light a greater velocity than that of the source itself. Likewise, the velocity 
of a system of reference cannot add to the velocity of light a greater velocity 
than that of the source itself. 

Now, from theorem IX. it follows that if any velocity less than that of 
light is compounded with that of light the resultant is the velocity of light. 
Hence, if we assume theorem IX. and postulate B we can conclude asa 
consequence postulates R’ and R’’. Hence we have the following result: 

THeoREM XI. Postulates (MVLB) and theorem IX. are a logical 
equivalent of postulates (MVLR). 

That is, in our system of postulates R may be replaced by theorem IX. 
and postulate B, and the resulting total body of postulates and theorems 
will be unaltered. 

Now theorem IX. was proved by means of formule (B) alone; and 
formule (B) are a direct consequence of formule (A) above. Hence 
postulate R may be proved solely from postulate B and formule (A) if 
these are assumed to be true. Further, the third and fourth equations in 
A) are equivalent to postulate L. We shall show that a special case of 
the first two formulae (A) is postulate V. Putting x’ = 0 we have 

-v. That is, to an observer on S the system S’ appears to move 
with the velocity v. Now the first two equations in (A;) may be obtained 
algebraically by solving the first twoin (A). Thenin the second equation 
of (A;) put x = 0; thus we have x’/t/ = —v. That is, to an observer 
on S’ the system S appears to move with the velocity — v. These two 
results together constitute our postulate V. Combining the several con- 
clusions thus reached we have the following theorem: 


Addition is defined by saying that the sum of two velocities is the result of compounding 
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THEOREM XII. Postulates (MB) and formule (A) are a logical equiva- 
lent of postulates (MVLR). 

An analysis of the proof of formuiz (A) will show that they follow 
directly from theorems IV., VI., VII. and postulate V. Hence we have 
the following theorem as a corollary of the preceding: 

THEOREM XIII. Postulates (MVB) and theorems IV., VI., VII. are 
a logical equivalent of postulates (MVLR). 


INDIANA UNIVERSITY, 
June, 1912. 





MOTION OF A DISC. 


ON THE MOTION OF A DISC WITH THREE SUPPORTS ON A 
ROUGH PLANE. 


By PETER FIELD. 


INTRODUCTION. 


“THE motion of a heavy body on a smooth horizontal plane was first 

studied by Poisson.' He supposed the body to have an apex such 
as a top or else to be bounded by a continuous surface which is in contact 
with the plane at some point. 

In the fifth and eighth volumes of Crelle’s Journal fiir die reine und 
angewandte Mathematik are three papers along the same line by 
Cournot.2, At the beginning of his first article Cournot states that by 
following out reasoning analogous to that used by Poisson there is no 
dithculty in writing the equations of motion for a body which has three 
points of contact with a rough plane, but that the integrations can only 
be performed by laborious approximations and consequently their interest 
arises only in connection with their applications. Since that time articles 
and text books* have been written in which problems dealing with the 
motion of a rigid body on a plane have been studied. Within the last 
filteen years Painlevé’s ‘“‘Legons sur le frottement’’ has apparently 
inspired a number of articles which have concerned themselves with 
(oulomb’s laws of friction. To this class belongs for instance the work 
by A. Mayer. 

lt seems, however, that no effort has been made to write out and study 
the equations of motion for the case mentioned by Cournot. Although 


it is true that the equations are rather complicated, they do furnish 


approximate solutions for certain cases without difficulty and for that 
reason it seems worth while to give the problem some thought.® 


' Traité de Mécanique. 

a) Mémoire sur le mouvement d'un corps rigide, soutenu par un plan fixe. (b) Du 
mouvement d’un corps sur un plan fixe, quand on a égard 4 la résistance du frottement, et 
qu’ on ne suppose qu’ un seul point de contact. (c) Du mouvement d'un corps sur un plan 

xe, quand on a égard 4a la résistance du frottement. 
* As for instance Routh, Advanced Rigid Dynamics; Appell, Traité de Mécanique Ra- 
tionnelle; Klein und Sommerfeld, Theorie des Kreisels; Jellett, Theory of Friction, and numer- 
others. 
‘Zur Theorie der gleitenden Reibung, Leipzig Ber. 53, pp. 235-318. For additional 
references along this line see Appell, Mécanique, Vol. II., 3d edition, p. 127. 
* An interesting problem in plane motion, slightly related to the present one, is treated 
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STATEMENT OF THE PROBLEM AND GEOMETRICAL DISCUSSION. 

Suppose there is given a disc which is supported on a rough plane by 
three short legs. It is proposed to study the motion (a) when the disc 
is initially given a large angular velocity w) about an axis perpendicular 
to its plane and passing through its centroid, (b) when the disc is initially 
given a velocity vo of translation only. 

For convenience the triangle 1, 2, 3 (Fig. 1) formed by the three points 
of support will be taken isosceles with 23 as base and the centroid G will 
be placed on the line of symmetry. The coefficient of friction at the 
point 1 will be taken as wu; while at 2 and 3 it will be taken as yw. The 
reactions at the points of support being Fi, F2, and F;, the frictional 
forces are Fi, woF2, woF3. The direction of the acceleration of the 


6+ )ug 








? poke = - 
F; he 
spf a/ 2 


Fig. 1. Fig. 2. 


centroid is coincident with that of the resultant R of the frictional forces 
and its magnitude is proportional to this resultant. In order to have a 
large acceleration it is therefore necessary to make the resultant of 
the frictional forces as large as possible. This can be accomplished in 
various ways; for instance by placing the centroid nearer to 1 than to the 
other two points or by taking uw; much larger than pe. In case I 2 3 is an 
equilateral triangle with G at its center and yw; = we, the resultant of the 
frictional forces is zero and the centroid remains stationary. The values 
of Fi, F,, and F; are not exactly the same as for a statical problem but it 
will appear later that the difference is slight when the supports are short. 

An idea of the effect of combining a velocity of translation, vo, with 
the velocity of rotation, wo is shown in Fig. 2. The velocities of the 
supports are represented by 1, v, v3. Each of these velocities is the 


by Brill, Vorlesungen ziir Einfiihrung in die Mechanik raumfiillender Massen, p. 31. The 
problem is introduced to furnish an example of a non-holonomic condition. 
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resultant of two velocities, one due to the rotation, which is different 
for the different points, and the other vo, due to the translation, which is 
common. 

For w) = 0 or a quantity so small that the velocity of the supports is 
practically the same as vo, the frictional forces are parallel and opposed 
in sense to vp, as in Fig. 3. The motion of the centroid will be uniformly 
retarded motion while the angular acceleration will be dependent on the 
moment of the three frictional forces about the centroid. 


THE EQuaTIONsS OF MOTION. 
In Fig. 4, 1 23 is the triangle formed by the three points of support. 
lhe position of the disc is determined when the coérdinates (x, y) of the 
centroid and the angle 6 which the line /; makes with the X axis are given. 











- 
Yo 


Mal 3 
Fig. 3. Fig. 4. 





Let (x, v1), (x2, ye), and (xs, ys) be the codrdinates of the points 1, 2, 
and 3, then 


x =x+1,cos@, =x —1,6sin6, 
y+isin 6, y + 1,6 cos 8, 
=x+hcos(@+a), x =x —lL6sin(@+ a), 
y+hsin(@+ a), y2 = y + h6 cos (6 + a), 
x +hcos(@—a), x3 = x — hL6sin (@ — a), 
=y+hsin(@—a), ys = y + 16 cos (6 — a). 


Inasmuch as the frictional force at any point is opposite to the direction 
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in which the point is moving the equations of motion of the centroid 
are 


_x—l6sin 6 _x—8 sin (+a) x — 1.6 sin (@—a) 
— mF, — — wo F—_— . —— — pn Fg — 7 =, (1) 
1 2 3 


" y+1,8 cos 0 ¥ +16 cos (+a) y-+/.6 cos (@—a) ; 
a i es a 


Taking J as the moment of inertia of the disc about the centroid, the 
equation of the motion about the centroid is 


° : y + 1,6 cos 0 —],6 sin 0 
Id = —lu,F\ cos 6° ; + lis Fi jn. ‘ 
: 1 


y 1.6 “OS (6 —h, 6s (6 

— loo F2 cos (O-+a)" > : Oe i Fy sin (0+a)” me a i+ a) (3) 
y +126 cos (0—a —],9sin (0— ) 
—lopoF3 cos (0—a)2 ao " Litt F;sin wa)" 28 in e 


V3 U3 
If d represents the common length of the three supports, Fi, F2, and 
F; can be determined from the three following equations. 


Fi + Fo + F; = mg, 


x sin @ — ycos 6 — 1,6 
Foleo sin a — Fle sin a + du Fi = 


v1 


F; ’ ~ ‘ ° 
"= Ja sin 6 — ycos 8 — 1.6 cos a) = 0, 
U3 


: _xcos 6+ y sin 6 
— Fil, — Fol, cos a — Fle cos a + du, F; = y 
1 


x COS é+y sin 9—Is 4 sin a _xcos 6+y sin 6+16 sin a 


+ dusk," = hl ne none ia 


Equation (4) expresses the condition that the centroid remain at a 
constant distance from the xy-plane while (5) and (6), obtained by taking 
moments about /; and a line at right angles to /, in the plane of the disc, 
express the condition that the axis of angular momentum remain per- 
pendicular to this plane. The equations show that Fi, Fs, Fs depend 
both on the velocity of the centroid and on the length of the supports. 

As a special case suppose x and y are so small that they can be neglected. 
This gives 


is aC ss. 5 


R= I (ule — hue)d cot a — hl — Fm | 
a 2 (le + Out) cosa — bh+Omm)” 
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— (pile — lye)d cot a — hl — diye 


"s ~ - ; (1, + d°u,°) cos a — (Ile “4. dupe) még, (9) 


which are constant. From the nature of the problem our data are to 
be so chosen that Fi, F2, and F3 are positive quantities: as tr 2 a 2 2/2, 
this will be the case if | (wile — hue)d cot a | < lle + duis. 

As a second special case suppose the velocity of rotation is so small 
that it can be neglected. Taking the velocity of the centroid along the 
XY axis, X = 0; =v. =%, y=0. The values for F,, Fo, Fs then become 


“— _ pad cos 6 — 1, cosa on 
(ue - - w)d cos 6+ —kcoa 
lle sin a — dle sin 06 + lord sin (@ — a) 
2lz sin al(u2 — wi)d cos 6 + 1, — l cos * i 
Ile sin @ + lyed sin 8 — pidlz sin (6 + a) 


2lz sin a[(u2 — wi)d cos 6 + 1; — i, cos a] 





F, = 


F; = 


In this case Fy, Fe, Fs are functions of @ and the data would therefore 
need to be so chosen that the reactions are positive no matter what the 
value of @. 

As the general expressions for F;, F2, and F; are rather complicated 
we at this point simplify the problem by assuming that d is so small that 
the terms in equations (4), (5), (6) which contain d may be omitted. 
The values for the normal components of the reaction of the plane are 
then the same as for a statical problem: 

lo COS @ 
si ies le cos a — |; —_ 
l, 
2(h; — k cos a) ™ 
These values of Fy, F2, F3 substituted in equations (1), (2), (3) define the 
motion of a disc with short supports on a rough horizontal plane. 


F, = F; = 


SOLUTION OF THE EQUATIONS OF MOTION IN CASE THE Bopy Is INITIALLY 
GIVEN A LARGE ANGULAR VELOCITY wp ABOUT THE CENTROID. 
Take the axes of reference so that the initial conditions are ¢ = 0, 

x= 0, y = 0, 6 = wo, x = 0, y=0, 6=0. As long as the velocity 

of the centroid is so peda that Vx? + ¥ can be neglected in comparison 
with 1,6 and 46, the equations (1), (2), (3) reduce to 


Maile uit bal 


ado rmerny | ‘gcosasin @ = k sin 8, (10) 
ls - 
Male — pals 
~ Pan gcosacos 6 = — kcos 8, (11) 
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5 = bo — fy COS a Mmelils . (12) 
ls cosa- l I 
The last equation gives 
6 = wot — Zar’. 
Hence 
x = ksin (wot — dat?), y = — kos (wot — fal’). (13) 


For a large wy and a short interval of time this gives as a first approxi- 


mation 
x =ksinwol, y = — kos wol, 


. (wot — sinwod), y= — ts — COS Wo). (14) 
W) wo 
These equations represent a cycloid, the radius of the generating circle 
being kw. The curve will lie in the fourth or second quadrant according 
as k is positive or negative. 
A somewhat better approximation is obtained by writing equations (13) 
in the form 
x = k sin wot cos fal? — k cos wot sin fate’, 


y = — kos wot cos af? — k sin wol sin fav. 
Being }af is small we replace these equations by 

x = ksin wot — kal cos wol, 

y = — kos wot — khaf? sin wof. 


The equations for the path of the centroid will then be 


k ; 3ka 
, (Wol — SIN Wol) + ; = Ce Wot) 
Wor Wy 


ka ; i 
4, | 2@of sin Wel — — wol” COS Wol I, 
Wo 2 


hb 


ka 
> (I — COS Wot) + —— twol(I + 2 COS wot) 


Wy 


ka . ‘| I age ] 
sin w 3— -wt’ I. 
wo! 1 3 > ( 


It is convenient to think of these last equations as representing a curve 
whose form can be obtained from the cycloid determined by equations 
(14) by a slight deformation. The difference between the values of x 
and y in the two cases, for a given value of wot, can then be considered 
asa correction. These corrections are shown for a few values of wot in the 


following table. The value of 7 is taken as 3.14. 
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Value of wol. x correction. y correction. 


T = oo 14) am fas 2) 


2 Wo Wo 
ka 


Wy 


ka . ka 
, (12.42) a (— 3.38) 
Wo ‘0 


ka 
, (1.07) a (— 3.14) 


@) 


ka ( ka (18.84) 
19.72 18.84 
wo' wo" 
SOLUTION OF THE EQUATIONS OF MOTION IN CASE 6 IS SO SMALL THAT 
1,6 AND h@ CAN BE NEGLECTED IN COMPARISON WITH Wx? + y?*. 
Let the initial velocity of the centroid be along the X axis. The initial 
conditions are then ¢ = 0, X = Xo, Y = O, 0%) = U2 = V3 = Xo. Equations 


i}, (2), (3) become 


mF, + 2ueF2 (ule COS @ — pal) g ew 
— = —_— - = _ 9 I5 
m l, cosa —k J ° 


= iO; (16) 


(1; Fy + 2lope Fe cos a) sin 6 


I - 
. I 
Iilo(mi— pe) COSame , ; 7 
= sin = —b sin @. 
lhcosa—-l TI 


Equations (15) and (16) give for the motion of the centroid 
x= Xo —}j?, y =o. 
From (17) it follows that the motion relative to the centroid is the same 


as that of a pendulum. 


THe CAseE OF Two COINCIDENT SUPPORTS. 

(wo of the supports may be made coincident by taking a = x. The 
riangle formed by the points of support would also degenerate into a 
iraight line in case a = r/2 and J; = 0, but this gives indeterminate 
\alues for the reactions of the supports. 


| Ora = fF, 


_— ly = 
. Ath 


| the reaction at the second point is 


F, meg, 


l; - 
+b me. 


fF, + Fy = 
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The equations (10), (11), (12) which determine the motion for a large 
spin and a small velocity of translation, become 


Mile — poli ° 
x= g sin 6, 


bh +h, 


_ bile — baby cos 6 
L444 °°° 


Me + Mh mg hls 


” kek F™ 


For a small spin and a large velocity of translation it follows from the 
equations (15), (16), (17) that the motion is given by 


_ Mile + mal — 


I= 0, 


.  Lle(ui — pe) mg 
— bh+h ZT 


sin 6. 


It is apparent from the above equations that although the constants 
are somewhat simplified, the motion is of the same general nature as 
before. 


UNIVERSITY OF MICHIGAN, 
June, 1912. 





EFFECT OF VIBRATION ON RESISTANCE. 


THE EFFECT OF VIBRATION ON THE RESISTANCE OF 
METALS. 


By H. L. BRAKEL. 


“THE effect of tension, torsion and hydrostatic pressure on the re- 

sistance of metals has been the subject of investigations extending 
over a considerable period. The more recent work along these lines 
has been done by the following: G. Ercolini! has investigated the effect 
of tension and torsion on the resistance of nickel, N. F. Smith? has done 
the same for iron, brass, and copper under quite different conditions. 
\. E. Williams* has subjected lead, aluminum, manganin, and bismuth 
to hydrostatic pressure and has measured the changes produced in the 
resistance. He has also studied the effect of tension on the resistance 
of bismuth. P. W. Bridgeman‘ has subjected manganin wires to very 
high hydrostatic pressures and has found that the pressure-resistance 
coefficient is a linear function of the pressure for a very wide range of 
pressures, ‘ 

The work here described is a study of the effect of vibration on the 
resistance of metals. For this purpose it was essential, first of all, to 
devise a method by which metals, in the form of wires, could be vibrated 
with a constant amplitude. For a thorough study it was necessary to be 
able to change the amplitude through a wide range and still keep it 
constant for each range, and in order to save time the period of vibration 
should be controllable independent of other conditions. The following 
device proved highly satisfactory. 


APPARATUS FOR PRODUCING VIBRATIONS. 


lig. I is a diagrammatic sketch of the principal parts of this apparatus. 
Two reds of wood, a and a’, are free to turn about } and Db’ respectively. 
At c and c’ these rods are connected by means of bolts, free to move in 
slots, to a third rod d which slides in a guide on each side. The rod d is 
connected as shown to a 12 in. pulley P. By changing the point of 
attachment the amplitude of vibration could be changed. The pulley 


'N. Cimento, 14, pp. 537-564, 1907. 

* Puys. REv., 28, Feb., 1909. 

* Phil. Mag., 13, pp. 635-643, 1907. 

‘Amer. Acad. Proc., 11, pp. 321-343, I9II. 
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P was driven by a small motor and the number of revolutions of this 
pulley was determined by means of a revolution counter attached to the 
axle. This gave a convenient method for determining the number of 
vibrations as each revolution of P produced a vibration in the wire. The 
two small pulleys p and p’ were connected to the rods a and a’ by means 
of strong cords wrapped two times around the pulleys. The axle of 
pulley p turned in a block firmly fastened to one end of the table to 
which the entire apparatus was fastened 
and pulley p’ was similarly fastened to 
the other end of the table. The wire 
to be vibrated was securely clamped 
into the axes of these small pulleys by 
means of set screws threaded into brass 
rods which formed a part of the axles. 
A cord from the center of p’ ran over a 
pulley and carried a weight w. This 
produced a known tension in the wire 
as p’ could always be so placed as to 
make w the tension on the wire, while p had a collar pressing against 
the block in which it turned. R, is the wire which was vibrated and R, 
was used as the constant reference resistance. Ry, was mounted parallel 
to R,, the two being about one centimeter apart. 


RESISTANCE MEASUREMENTS. 

In this work it was not necessary to know the actual resistance, the 
per cent. change resulting from the vibrations being the information 
sought. A potentiometer method was used for this purpose as it re- 
moved errors due to contact resistance. This is an essential consideration 
as even small variations in contact resistance would conceal the true 
changes where new contacts have to be made for each reading. In order 
to make changes in the temperature less effective and in fact to keep 
the reference resistance and the one vibrated the same in all respects, 
except for the vibrations, a wire of the same material and dimensions 
and having received the same treatment before the experiment as the 
vibrated wire, was used for the constant resistance. The electrical 
connections are shown in Fig. 2 in which R, is the vibrated wire and R, the 


one kept constant. These were mounted as described above and when 
readings were taken they were connected in series with three storage cells 
in parallel by means of the reversing switch S;. The potentiometer used 
was a Pye potentiometer reading directly one part in ten thousand. 
This potentiometer and the resistance R and r were connected in series 
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with a storage cell by means of the reversing switch Sz. Two points on 
R. were brought to one side of a double pole, double throw switch S3 and 
two points on R, were brought to the other side of the same switch. 
The middle points of Ss could be put in series with the galvanometer 
G by means of a similar switch Sy. The points could thus be brought 
to the potentiometer through the galvanometer. Since R, and R; were 
in series the ratio of the read- ' 1 


: a Li 
ings on the potentiometer for P > 
WAT a waa | 
R, and Ry gave the ratio of | . J 
i 2 


these resistances. 


Some of the work was done = | 
at temperatures as high as 450° 
C. kor this purpose an elec- *“* 4 th} | 

__ ait Cieneeagnnay a 

















tric furnace was made through 
which the wires R, and R, could 
be passed. The high tempera- 





tures were determined by means 





of a copper-advance thermo- Fig. 2. 
couple which had been calibra- . 

ted in terms of a cadmium standard cell and the potentiometer above 
mentioned. By means of the switches S; and Ss the standard cell and 
the thermo-couple could be brought to the potentiometer when desired. 

In order to keep the wires R, and R; free from unknown strains, no 
permanent connections were clamped or soldered on R, or Ry at 
the points that were brought to the potentiometer. 
Moreover such connections would have been quite in- 
accessible when the wires were in the furnace. It is 
evident that the accuracy of the work cannot be greater 
than the accuracy with which the points kk and XX 
can be duplicated. With this fact in mind the following 
method for determining the points kk and XX was 
devised. 

A frame made of heavy wood was firmly screwed to 
the table on which the vibrating apparatus was placed. 
Two % in. brass rods, m and n, were run through the 
upper piece of the frame and were held ina fixed position 
by passing through iron plates which were screwed to 
_ the top and bottom of the wood and were provided with 

<i set screws. The rods m and m projected over the wires 
R, and R, respectively (see Fig. 3), but did not touch 
wires except when the insulating plate h was raised. The plate h, 
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made of insulating material that would stand high temperatures, was 
screwed to the top of a % in. brass rod which fitted into a metal 
tube and was kept from turning by means of the metal pin, 7, which 
moved in a slot in the tube. The tube was fastened to the table 
top and the rod which carried the plate h was supported on a rod i, 
which threaded into the bottom of the tube and projected through a hole 
in the table. Thus the wires could be pressed against the rods m and 
n and released again by simply turning the rod7. A similar arrangement 
was used to make connections with the rods m’ and n’. The rods mm 
and un’ projected into the furnace, as did the rods which carried the 
plates h and h’. 
METHOD OF TAKING READINGS. 

Straight wires were mounted and put under the desired tension. The 
tension in R, and R, was always the same. It was necessary to take 
proper precautions not to mount the wires under a torsional strain, 
especially when soft annealed wires were used. The ratio of R, to Ry was 
determined as described above. In determining this ratio at least four 
readings were taken for each wire. This was found advisable as the 
currents seldom stayed constant within the range of sensibility. By tak- 
ing a reading, say for R, then for R,, as quickly as possible the change in 
the currents was small and by then taking readings in the reverse order 
the effect of change of current was made a minimum. The direction of 
the current was then reversed and similar readings taken; this tended to 
minimize the effect of local thermal E.M.F.’s. The average of all these 
readings was taken to determine the ratio of R, to Ry. No current 
flowed through R, and R; while R, was vibrated and during this process 
the wires were free from the rods and plates used to make connections. 
After a known number of vibrations the motor was stopped and the 
pulleys were set as at the start and the ratio of R, to R;, was again deter- 
mined. The per cent. change in this ratio gave the per cent. change in 
R, due to the vibrations, as R, and R, were treated alike in all other 
respects. 

SENSIBILITY AND ACCURACY. 

It was found that the readings could not be duplicated to a higher 
degree of accuracy than one part in eight thousand. The sensibility 
could be made much greater but this was not necessary as long as the 
accuracy was no higher, hence in most of the work conditions were so 


chosen as to give the readings on the potentiometer a value of about 
eight thousand. Although the method used to make the points YX 
and kk definite was far the best of several tried it still leaves much to be 
desired, as changes less than .o2 per cent. could not be determined. I! 





EFFECT OF VIBRATION ON RESISTANCE. 189 


ihe cords used for belts on the pulleys p and ’ slipped so as to give R,a 
permanent torsional strain the ratio of R, to R;, always increased, but 
this slipping was easily overcome by having the cord make two complete 
turns around the pulleys and by a liberal use of rosin on the cords and 
pulleys. That this was accomplished is evident from the fact that in 
more than a million vibrations there was no noticeable change in the 
relative positions of marked points on the pulleys. The original position 
of the pulleys could easily be duplicated by making it come at the end of 
the stroke of the driving rod, for in this position the large pulley could be 
turned several degrees and still not change the positions of the small 


The errors due to permanent changes in the dimensions of the wires 


could be detected by observing the displacement of p’. The distance of 
this pulley from the fixed block in which it turned was measured by 
means of calipers and a change of .2 mm. could be detected. Such a 
change would not produce a change in resistance sufficient to be detected 
under the conditions but whenever there was any evidence of a displace-~ 
ment of p’ the readings were discarded. 


RESULTS. 
The length of the wire R, between the points of attachment in the 
pulleys p and p’ was 122.3 cm. and the points on the wires brought to the 
potentiometer were 63.3 cm. apart. The amplitude of vibration, referred 


= 


Fig. 4a. Fig. 4b. 


‘o below, will always mean the angle through which each end of the wire 
was turned. Wires were annealed under zero tension, by passing an 
clectric current through them sufficient to raise them to bright red heat. 
The wires used were taken from the research stockroom. Most of them 
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had been purchased from Eimer and Amend or The Driver-Harris Wire 
Company. Since nickel showed the largest changes, wires marked 
“pure” from the two firms were tested and no difference in the results 
was observed. 

The curves in Fig. 4a and Fig. 45 show the per cent. increase in resist- 
ance produced in the different materials under the following conditions: 


Curve. Material. Diameter of | i | Amplitude of 
eanies Wire, mm. | Tension, Ibs. Pvib. 








I. Annealed Ni 1.01 | 335° 

i]. |Soft drawn Ni.......... 1.00 : 335 
III. |Annealed Cu......... 0.88 3 335 
IV. Unannealed Cu , 0.88 3. 335 
V. Annealed manganin.... 1.00 " 598 
VI. Unanncaled nichrome ... 80 / 335 
VII. Annealed platinum 0.62 d 335 
VIII. Annealed brass........ 1.18 ; 335 


The temperature was 22° C. in all the work where no other temperature 
is given. The ordinates for all the curves are the per cent. increase in 
resistance and the abscissas are thousands of vibrations. 

Piano wire one mm. in diameter, under tension of 10 lbs., annealed 
and unannealed, gave no measurable change with an amplitude of 335°. 
Annealed wire with an amplitude of 598°, gave for one thousand vibra- 
tions an increase of .10 per cent. and this rose to .22 per cent. for 12,000 
vibrations but remained constant beyond this. Annealed and un- 
annealed manganin wire gave no measurable change with an amplitude 
of 335°. Phosphor-bronze (1 mm. diameter, tension 5 lbs.) gave no 
measurable change in any test except the annealed wire which, with an 
amplitude of 598°, gave a change of .04 per cent. for 4,000 vibrations. 
Hard drawn nickel with an amplitude of 500° gave a change of .29 per 
cent. for 5,000 vibrations but for 335° no measurable change was produced 
even when the wire was vibrated until it broke. Annealed nichrome 
gave no measurable change for an amplitude of 335°. 

The effect of vibrating nickel and nichrome wires at higher tempera- 
tures is shown in the curves of Fig. 5. The wires used in these tests 
had the same dimensions as those in the previous work. The straight 
vertical lines drawn at the ends of the curves for nickel show the per 
cent. change in the resistance when the temperature was allowed to fall 
to room temperature. In every case the change represented by the 
vertical line disappeared when the original higher temperature was 
restored. Nichrome did not show such changes and it is evident from 
these curves that high temperatures produce quite opposite effects in 
nichrome and in nickel. 
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For temperatures above 350° C. annealed nickel becomes soft so that 
the wires were permanently lengthened by the tension used and the 
change in dimensions accounts for the change in resistance. Annealed 
copper wires had to be handled carefully at room temperature to prevent 
permanent changes in their dimen- 
sions and when the temperature 
was raised to 100° C. the results 
were not free from this error. A 
certain tension was necessary to 
hold the wires in position and this 
minimum tension at the higher 
temperatures made the results un- 
reliable. Manganin and piano oe 
wires were vibrated at tempera- Fig. 5. 
tures as high as 350° but no measurable change was produced. 

In all cases the change in resistance, due to vibrations, could be re- 
moved by annealing the wires at bright red heat. Raising them to 
500° C. would remove most of the change while at this temperature, but 
the resistance would rise to an intermediate value when the temperature 
was lowered. Fig. 6 curve I. is the result of vibrating an annealed 


nickel wire at room temperature until the resistance had become prac- 
tically constant. The wires were then raised to bright red heat under zero 


nsion and when cooled the resistance dropped to near its original value. 
This was repeated as shown and the fact that the original value was never 
quite reached after annealing was undoubtedly due to the fact that the 
temperature was not raised high enough. 
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The effect of amplitude of vibration has been indicated in the case 
of manganin and piano wires. Curve II. in Fig. 6 shows this effect for 
annealed nickel. These results were obtained by vibrating the same 
wire, simply changing the amplitude as indicated. In Fig. 7 this effect is 
shown for different nickel wires which had received the same treatment 
except for amplitude of vibration. The largest amplitude approaches 
the yield point of the wire and in this case the resistance changes until 


the wire breaks. For amplitudes of 335° and above the resistance 
does not become constant for less than 100,000 vibrations. 
Annealed nickel wires for amplitudes as high as 335° would not break 
before 200,000 vibrations had been made, while unannealed wires would 
not stand more than 50,000 vibra- 
tions. Manganin wires have about 
the same life as nickel, but nichrome 
wires have a shorter life, as they are 
quite hard even after being an- 
nealed. From the curves it is evi- 
dent that a large part of the change 
in resistance takes place in rela- 
tively few vibrations. The curve 
in Fig. 8 gives the shape of the curve 
for the first 250 vibrations for an- 
nealed nickel. 
The effect of tension for annealed 
nickel is shown in Fig. 8a, curves II., 
III. and IV., the tension being 8, 
5 and 2.6 lbs. respectively. Similar effects were observed for other 
materials. 
In all the above work, for amplitudes below 500° the rate of vibration 
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was approximately 150 per minute and 100 per minute for the other 
amplitudes. The change in rate of vibration for the range of 60 to 180 
per minute was found to have no measurable effect on the results. The 
motor used would not drive the apparatus at a lower speed than 60 
vibrations per minute and 180 vibrations was the highest speed that 
could be used except for very small amplitudes. 

In their work with platinum-iridium wire Guthe and Sieg,' and later 
Sieg? found this alloy to possess peculiar elastic properties. These 
properties are especially marked when the percentage of iridium is high. 
Through the kindness of Mr. Sieg a 40 per cent. platinum-iridium wire 
was made available for the present work. Since this wire, the available 
length of which was 33 cm., was much shorter than those used above, the 
apparatus had to be changed and the accuracy was decreased. It was also 
less certain that the observed change was entirely due to the vibrations 
as the reference wire had to be of some other alloy. Another source of 
difficulty was the small diameter (.2 mm.) of the wire, and since the 
wire was to be used in other work care was taken not to injure it. For 
these reasons the following results cannot be taken as a fair comparison 
with those on other materials. The annealed wire under a tension of 
one pound for an amplitude of 105° gave an increase of .06 per cent. for 
1,000 vibrations. It was again annealed and the amplitude was changed 
to 335°, which gave the results indicated below. 

Total Vib. Per Cent. Increase in 2. 
100 31 
500 63 

2,000 75 

3,000 81 

lt is hoped that later this investigation may be extended for the 
purpose of comparing the changes in electrical resistance with the changes 
in elastic properties. In the present work there was no evidence of any 
tendency for the wires to return to their previous resistance after being 
vibrated and then allowed to rest. In many of the tests wires were 
vibrated a short time then allowed to rest for a day or two but no change 
could be detected due to the resting. It is also hoped to try the effect 


of lower temperatures. 


The writer wishes to take this opportunity of acknowledging his 
obligations to Professors Nichols and Shearer for their continued interest 
and helpful suggestions throughout this work, which was undertaken at 
the suggestion of the latter. 


PHYSICAL LABORATORY, 
CORNELL UNIVERSITY. 


Guthe and Sieg, Puys. REV., 30, p. 610, 1910. 
* Sieg, Puys. REV., 31, p. 421, 1910. 
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REFLECTION OF 6 RAYS BY THIN METAL PLATES. 
By WILLIAM B. HvurFF. 


T is known that a particles may pass through a thin metal foil, for 

example, and emerge with decreased speed and scattered by the 

atoms of the metal. The researches of Geiger’ have led to remarkably 
definite results on these two points. 

Analogous problems as to scattering and loss of speed are also offered 
in the case of 8 particles incident upon thin plates. Here also it is the 
atom that does the scattering, as is shown by the work of Crowther? and 
of Schmidt.’ In addition to 6 particles that pass through the plate and 
emerge scattered by the atoms, there are some that, scattered and losing 
all speed, are absorbed. Schmidt* and Borodowsky* have shown that 
this absorption depends upon the atoms alone and is independent of 
chemical combination and of physical state of the absorbing matter. 

In the determination of loss of speed shown by 8 particles that have 
passed through a thin metal plate, the experimental difficulties are much 
greater than in the corresponding problem for a@ particles, where even a 
single particle and its effect can be studied. Magnetic sorting secures 
only approximately homogeneous pencils of B rays; they are easily 
scattered; their average range is long; and their ionization per centi- 
meter of path is extremely low. 

Nevertheless Wilson® has given reasons for believing that 6 particles 
show a loss of speed as a result of passing through a metal plate, and the 
photographs by von Baeyer, Hahn, and Meitner® appear to confirm his 
results. 

The scattering effect produced by the atoms is shown not only by the 


particles that pass through the metal plate; some may be deflected 


through such large angles as to emerge on the side of incidence. 

The importance of the atom in this reflection of 8 particles was recog- 
nized early, but the introduction of the idea of a true secondary 6 radia- 
tion, having its origin in the reflector, tended to render difficult the 
explanation of observations. 


1 Roy. Soc. Proc., 83, 1910. 

2 Roy. Soc. Proc., 84, 1910. 

3 Phys. Zeit., X., 1909; XI., 1910. 
4 Phil. Mag., 19, 1910. 

5 Proc. Roy. Soc., 84, 1910. 

6 Phys. Zeit., XII., 1911. 
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Earlier results, as well as the recent ones of Gehrts,' show that electrons 
striking a metal plate may be reflected, and may also give rise to a true 
secondary. In the case of 8 particles reflected under ordinary conditions, 
Madsen? showed that scattering could account for observed effects. 


REFLECTION CURVES. 


Thus for both kinds of incident particles, the reflection is due to the 
atoms. For a given source, the amount of reflected radiation depends 
also upon thickness of reflector; and more markedly in the case of 8 
particles because of their greater penetrating power. 

Curves showing increase of ionization as the metal plate reflecting 6 
particles into an ionization chamber is increased in thickness may be 
called reflection curves. Among those who have given such curves are 
Schmidt,! Madsen,? and Pound.* The present writer‘ has given some 
tvpical curves, with the addition of absorption 
curves to show difference in quality of the re- 
flected radiation. 

Since reflection is due to the atoms, special 
interest attaches to differences between reflec- 
tion curves for substances of widely different 
atomic weights. It is well known that varia- 
tion of experimental arrangement may pro- 
duce considerable modification in the forms 








of these curves. A and B, Fig. 1, may indi- 
cate the general features of the reflection Fig. 1. 

curves for lead and aluminium respectively. 

7 represents thickness of reflector; J, the ionization due to reflectde 
particles. 

A comparison of the curves shows that, for a given thickness of metal, 
the radiation returned by the lead produces the larger ionization. Fur- 
ther, the thickness of reflector that returns practically all the ionizing 
radiation obtainable from each reflector is not only smaller for lead than 
for aluminium, but also more definitely indicated on the curve. A com- 
parison of the quality of the maximum radiation reflected from each of 
ihe two metals shows that from lead to be the more penetrating. 

‘Ann. d. Phys., 36, 191rt. 

Phil. Mag., 18, 1909. 


Ann. d. Phys., 23, 1907. 
‘Lec 


Phil. Mag., 17, 1909. 
* Puys. REV., 30, 1910. 
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THIN REFLECTORS. 

If 8 particles that pass through a metal plate emerge with decreased 
speed, then some of the particles reflected by a thick plate may be 
expected to show a similar loss. Accordingly, the 8 radiation returned 
by a thin reflector should be more penetrating than that from a thicker 
reflector of the same material. Such a difference in penetrating power 
would be further evidence that these particles lose speed in passing 
through matter. 

As stated in the account of the writer’s experiments referred to above, 
‘ consistent results for reflectors as thin as a few gold-leaves were not 
obtained and the initial parts of the reflection curves were left unde- 
termined. 

The present paper records some observations on the amount and 
quality of the 8 radiation reflected by the thinnest obtainable metal 
plates. 

APPARATUS. 

The method was a simple modification of one that is well known. 
A diagram of the apparatus is shown in Fig. 2. 

The cylindrical brass-walled 





electroscope contained dry air, 
and the gold-leaf was insulated 
with sulphur. A circular open- 
ing 4 cm. in diameter in the top 
of the case of the electroscope 
was closed with a single alum- 
inium leaf L. Layers of absorb- 
ing material A could be placed 
between two thin brass rings D, 
close to L. In the brass plate 
P was a shallow circular groove 








G to contain the radioactive ma- 
terial, which was thus distribu- 
ted around the vertical axis of 
the electroscope. The circular 
reflector R was 8 cm. in diameter 
and was supported 1 cm. above 
the plane of P by a slender brass 
tripod. It is probably unneces- 
sary to refer to the extreme im- 








Fig. 2 


portance of reducing as far as possible the effect of temperature changes 
within the case of a delicate electroscope used for comparing weak 
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ionizations. A felt-lined box with proper windows and enclosing the 
entire apparatus was found to answer the purpose. 

It was desired to obtain measurements of ionizations due to particles 
reflected by the thinnest metal sheets; and from readings in which a 
considerable part of the observed ionization should be due to the reflected 
particles. These considerations determined the position of G as well as 
the area of R and its distance from G. The effect of very penetrating 
radiation directly from G to the electroscope was small. Corrections 
were made by taking readings with R removed, but with everything else 
in position, including absorbers. Multiple reflections, both before and 
after particles entered the electroscope, undoubtedly modified the results. 
Wherever possible, metal was covered with cardboard. 

Since particles from R reach the absorber at A with very different 
angles of incidence, numerical results on coefficients of absorption would 
mean little. Further, sets of tubes designed to render parallel the rays 
entering an ionization chamber may introduce, especially in absorption 
experiments, large effects due to reflection and scattering. 

Without going into detail, it may be stated that a set of parallel 
aluminium tubes was placed between a thin layer of uranium oxide and 
an electroscope and the ionization measured. Replacing the aluminium 
tubes by an exactly similar set but made of lead, the ionization was 
increased 45 per cent. Again, using brass tubes, and a thin sheet of 
tin as absorber, the ionization could be doubled by changing the position 
of the tin only. 

l'r-X was chosen as the source, since Schmidt’s' work seemed to justify 
the assumption that for this substance the initial velocities of the 8 
particles were, within narrow limits, the same. 

These limits were probably widened in the present experiments by 
reflection from the bottom of G and by the 0.1 mm. of aluminium that 
covered the Ur-X. 

CURVES. 

For each set of curves shown in the following figures, the ionization is 
in arbitrary units; the thickness of reflector or of absorber, in millimeters. 

Fig. 3, a, was got by using tin to absorb 8 particles reflected from a tin 
plate 3 mm. thick. These same absorbing layers were used for 6 and c. 
lor b, the reflector was a sheet of tin 0.022 mm. thick; for c, three of these 


sheets. 


Comparing ionizations represented by corresponding points of a and 
, it is seen that initially the effect of the thin reflector is one third that 


‘ 


ol the thick one. This ratio of ionizations falls as the absorbing layer 


‘Phys. Zeit., 10, 1909. 
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is made thicker, and then rises for still thicker absorber. A comparison 
of tangents at corresponding points shows that the radiation reflected 
from the thick plate is the softer. 

Fig. 3, d and e, show absorption by lead of radiation returned by the 
thinnest and thickest tin reflectors. 

A set of curves analogous to those of Fig. 3 was obtained for lead as 
reflector and absorber. With no absorber except the aluminium leaf 
that closed the electroscope, the rays reflected from a sheet of lead 0.033 
mm. thick gave an ionization 63 per cent. as great as that got by using a 


3 mm. reflector. As in the case of tin, these absorption curves for lead 
showed that radiation from the thick reflector was, as a whole, more 
easily absorbed than that from the thin sheet. 

Thus as tested by the absorption produced by metal foil close to the 
small ionization chamber, the effect of decreasing the thickness of the 
reflector is not only to decrease the total amount of reflected radiation, 
but also to change the quality; the average penetrating power of particles 
from the thin reflector is greater than that of particles returned by the 
thick plate. 

With reference to the change produced in the form of the absorption 
curve, the result of making the reflector thinner may be described briefly 
as a less rapid initial drop and a quicker approach to linearity. 

Gold foil was used as still thinner reflector and typical of metals of 
high atomic weight. Average thickness was determined by weighing 
and assuming density. 

The initial parts of a reflection curve got by using this foil are shown 
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by Fig. 4, a, where the maximum thickness of gold used gave about 48 
per cent. of the maximum ionization obtainable from a thick reflector 


of this metal, the leaf closing the electroscope being the only absorber in 
each case. 

The rapid initial rise is followed by a rate of increase nearly linear. 
Succeeding this linear part of Fig. 4, a, the complete reflection curve, as 
indicated in Fig. 1, A, would show the ionization approaching the constant 
value corresponding to the maximum effect of the radiation returned 
by the thick plate. 

Fig. 4, 6 and c, show the absorption by this gold foil of particles re- 
flected from a single layer of the foil and from ten such layers respec- 
tively. A comparison of these two curves brings out the approach to 
linear absorption as the reflector is made thinner. 

For e and d of Fig. 4 the reflectors were respectively one and ten layers 
of the gold foil, and the absorber was aluminium. After the slight initial 
drop, the results are linear within the limits of accuracy of measurement. 
Thus 8 particles reflected by the single foil are slightly absorbed by 
aluminium. The difference in slope of d and e shows that the additional 
sheets of foil increased not only the more penetrating radiation, but, 
to a larger extent, that which was more easily absorbed. 

This more rapid rate of increase of the softer radiation as the reflector 
is made thicker may be correlated with Kovarik’s' observations on coeffi- 
cient of absorption measured first for incident 8 particles alone, and then 
for incident and reflected particles together; the combined radiation was 
softer than the incident alone. 

The resemblance between such a curve as Fig. 4, a, and the one for 
scattering of a particles has been pointed out by Geiger.’ 

linally, leaves of gold, copper, and aluminium were used as reflectors. 
The determination of thickness of such leaves by weighing is an uncertain 
process. Even when the leaves are chosen so that they have nearly equal - 
weights, any leaf shows inequalities in thickness, and these were especially 
marked in the case of the copper, for which no consistent observations 
were obtained. 

When the first leaf was fastened firmly to the upper surface of the ring 
uscd to support the reflectors, the additional leaves could be piled closely 
and held in position with soft wax. 

(here is also uncertainty in the measurement of ionizations so small 
that variations of the natural leak become important. 

The initial part of the reflectidn curve of aluminium is shown by Fig. 


' Phil. Mag., 20, 1910. 
* Proc. Roy. Soc., 82, 1909. 
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4, f. Determination of the position of the first few points is subject to 
such large probable error that it may not be said that they do more than 
suggest inflection. The curve then becomes closely linear. 

The reflection curve for a thickness of gold up to thirty-one leaves is 


shown in Fig. 5, a, this maximum thickness being roughly equivalent to 


two layers of the foil used for Fig. 4, a. 
The increase of ionization is initially nearly linear. The effect due to 
adding the second reflecting leaf arises from particles scattered and 











retarded by the first leaf. The scattering would decrease the number of 
particles that enter the electroscope; the speed-loss would render more 
efficient ionizers those that do enter. 

The absorption by gold leaves of particles reflected by eight and by 
thirty-one gold leaves is shown by 0 and ¢, Fig. 5. Corresponding parts 
of the two curves show different rates of absorption; in each curve the 
initial rate of absorption is greater than the final one; and in neither case 
is there a sudden initial drop. 

Points for the absorption of particles reflected from a single gold-leaf 
were too uncertain to do more than indicate the linearity to be expected 
from ¢ and b. 

As might be inferred from d and e of Fig. 4, aluminium absorption of 
particles reflected from a few gold-leaves was linear. 

It is assumed that such absorptions as those indicated are of reflected 
8 particles, and that the effects of y rays traversing the reflectors are 
negligible. 

As already pointed out, the initial irregularities of the reflection curves, 
Fig. 4, f, and Fig. 5, a, are probably due to errors of measurement, to- 
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gether with the fact that the air above the leaves is also a reflector. The 
question of homogeneity of the incident rays becomes especially important 
for such reflectors as a few leaves of aluminium, which would return an 


excess of the slower and therefore more strongly ionizing particles. 








Fig. 5. 


Experiments are being made with a source the 8 rays of which possess 
groups of velocities, as shown in the photographs by V. Baeyer and Hahn.! 


TuHicK REFLECTORS. 


Because of its heavy atoms, a thin sheet of gold reflects not only more 
of the incident particles than an equal thickness of aluminium does, but 
also a larger proportion of the swifter particles, since the incident 6 rays 
are not strictly homogeneous. Consequently, there is a difference be- 
tween the quality of the radiation transmitted in the twocases. Further, 
the scattering of transmitted particles is more nearly complete in the 
case of the heavy atoms, and any loss of speed due to increase of path 
operates to make still more easily reflectible the particles that have 
passed through the thin gold sheet. Accordingly, because of difference in 
quality of the rays transmitted to additional reflecting sheets, as well as 
because of difference in reflecting power of layers of light and heavy 
atoms the radiation transmitted once in the direction of incidence would 
vanish for fewer layers of gold than of aluminium. 

Multiple reflections also occur within the reflector. These increase 
the thickness of metal necessary to give the maximum emergent radiation, 
but still leave this thickness less, and more sharply defined, in the case 
of lead or gold than for aluminium. 

1 Phys. Zeit., XI., 1910. 
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It is found that a single gold-leaf reflects a measurable amount of the 
incident radiation. Now add a second reflecting leaf and the particles 
reflected by it are scattered and retarded by the first one before they 
can enter the electroscope. This scattering reduces the number of 
particles that enter and the retardation increases their ionizing power. 
There are also multiple reflections between the two leaves and these would 
result in some absorption, especially of slower particles between two 
layers of heavy atoms. 

Additional layers give further points on the reflection curve, and where 
the ionization increases linearily, loss of ionizing particles due to scattering 
and absorption is compensated for by the lower speed of those that reach 
the ionization chamber. The differences in the initial parts of two 
reflection curves such as those indicated by Fig. 4, a and g, may thus be 
accounted for. 

Thus the large range of speeds observed in 6 particles reflected by a 
thick plate upon which nearly homogeneous rays are incident may be 
regarded as due chiefly to loss of speed within the reflector. 


Because of difference in reflecting power of light and heavy atoms, 
those particles that emerge from a thick aluminium reflector have had an 


average longer path in the refiector than similar particles could have in 
gold and still emerge as reflected particles. 

In a general way, the differences between A and B, Fig. 1, may thus 
be accounted for, as well as the difference in the quality of the radiations 
reflected by metals of widely different atomic weights. 


SUMMARY. 


I. The thinnest obtainable metal plate may reflect a measurable 
amount of the incident 6 radiation. As measured by its ionization in a 
small chamber, the increase of reflected 8 radiation is initially closely 
proportional to the thickness of reflector. 

Il. The quality of the reflected 8 radiation is dependent on thickness 
of reflector. The particles reflected from a thin reflector are absorbed 
linearly by thin sheets of a metal of low atomic weight. The absorption 
appears to approach linearity when both reflector and absorber are of 
high atomic weight but extremely thin. 

III. The difference in quality shown by £8 radiation from thin and 
from thick reflectors of the same metal may be regarded as evidence of 
loss of speed due to passing through matter. 





SPONTANEOUS ELECTROMOTIVE-FORCE. 


A SPONTANEOUS ELECTROMOTIVE-FORCE IN CELLS OF 
ALKALI METALS. 


By Jay W. Wooprow. 


| working with photo-electric cells, it was found that when the cell 

was insulated in the dark the alkali metal would develop a negative 
charge. As all attempts to remove this effect were unsuccessful, it was 
decided to investigate the phenomena more carefully. The results of 
these experiments will be described in the following paper. 

lhe apparatus was set up as shown in Fig. 1. The alkali metal was 
placed in the cell C and as high a vacuum as possible obtained by means 
of a Gaede pump so that a per- D 





fectly pure surface could be pro- 
cured. The different metals in- 





vestigated were casium,potas- 
sium, and an alloy of sodium K 








and potassium formed by melt- Q 
ing together masses of the two _ E 


proportional to their atomic Fig. 1. 


weights respectively. Through- 
out the investigation, the cell was kept carefully screened from the light 
by the box D. 

ln measuring the potential, the electrode of the alkali metal which was 
connected to one pair of quadrants of the electrometer Q was insulated 
by raising the plunger of the key K. The other electrode and the other 
pair of quadrants were earthed. The maximum potential was deter- 
mined from the deflection of the electrometer which had a sensitiveness 
of 100 mm. per volt. 

li order to measure the current which the cell would give, the interior 
ol a small cylindrical condenser (capacity = 24.55 E.S.U.) was connected 
inas shown at H. The outer cylinder of the condenser was connected to 
a potentiometer by means of which any desired potential could be 
obtained. After raising the plunger of the key K, the potential on the 
exterior of the condenser was gradually increased so as to keep the 
electrometer always at the zero position. From the known potential 
and capacity, the charge drawn into the condenser in a given time was 
determined and from this the current was readily calculated. 
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MEASUREMENT OF THE POTENTIAL. 

The plunger of the key K was raised and the electrometer readings 
were taken at regular intervals. At first che deflection increased rapidly, 
but after a few hours the reading became constant. The curve obtained 
by plotting potential against time resembles a saturation curve. Typical 
cases are shown in Fig. 2. Curve I. was obtained with a cell in which 
the electrodes consisted of an aluminium wire placed parallel to the 
surface of the alloy of sodium and potassium. The cell from which 
Curve II. was obtained contained caesium and platinum electrodes. The 
time required for the cells to attain the maximum potential was found 
to depend upon the size and distance between the electrodes. In one 
cell in which the earthed electrode was simply the end of a platinum wire, 
it required over thirty hours to attain the maximum potential; while the 
other cells in which larger elec- 
trodes were used reached the maxi- 
mum value in from two to feur 





hours. If instead of earthing the 
aluminium (or platinum) electrode, 
it was kept at a constant positive 


potential equal in value to the neg- 


s 
E 
3 
z 





ative potential attained by _ the 





Fig. alkali metal, the deflection was re- 


duced to zero. 

Five different cells with the sodium-potassium alloy for the alkali 
electrode were investigated and the mean maximum negative potentials 
in volts are given in Table I. Cell Il]. was constructed with two elec- 

TABLE I. 


Maximum Potential Attained. 
Number of ~— ks. 
Cell. Charcoal at Charcoal in No Charcoal Remarks 

25° C, Liq. Air. Tube. 





I. 
Il. 


Ill. 


1.5 Al electrode earthed. 
Al electrode earthed. 
Al electrode earthed. 
Pt electrode earthed. 
Al electrode earthed. 
Tube filled with hydrogen. 


| 

| 
IV. 
| , After electric discharge. 
| 





Al electrode earthed. 
| After electric discharge. 
2.6 | | 


2.0 | | 


V. 


Cesium 
Potassium 


trodes, in addition to the platinum electrode which was in contact with 
the alloy, so that measurements could be taken with either an aluminium 
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or platinum electrode earthed while at the same time no change would 
be made in the connections between the alloy and the electrometer. 
I: will be seen that the maximum potential obtained in the two cases 
was identical. If the effect had been due to a contact potential difference 
hetween the alloy and the platinum or aluminium,! the magnitude of 
ithe potential in the two cases would have differed as the contact difference 
of potential between potassium and aluminium is 1.9 volts while that 
hetween potassium and platinum is 4.1 volts.2 Cells exactly similar to 
the above in construction, containing clean mercury in a high vacuum, 
showed no leak which could be measured when treated as were the cells 
of alkali metals. It is also worthy of notice that the mean maximum 
potential obtained with Cell I. when the charcoal tube was immersed in 
liguid air is exactly equal to that obtained with Cell III. to which no 
charcoal tube was attached. 

Interesting phenomena were shown by Cell IV. This cell contained 
strips of palladium which had been made to absorb great quantities of 
pure hydrogen by using it as the cathode in an electrolytic cell of dilute 
sulphuric acid. Upon heating the palladium the tube was filled with 
hydrogen, but very little change was observed in the maximum potential. 
However, upon passing an electric discharge from an induction coil 
through the cell for several minutes, the potential was increased quite 
perceptibly. This increase of the potential would disappear in a few 
days but could be renewed by means of another discharge. This effect 

the electric discharge was even more pronounced in another cell, 
No. V., which contained no hydrogen. It was 1ather surprising to find 
that although the hydrogen was shown to exert considerable pressure 
within the tube, yet it seemed to make no change or at least very little 
change in this effect. 


EFFECT OF TEMPERATURE UPON THE MAXIMUM POTENTIAL. 

The effect of the temperature upon this potential was next investigated. 
The cell was heated by means of an electric furnace in which the wires 
were so wound as not to produce a magnetic field. The temperatures 
were read ona good mercury-in-glass thermometer suspended so that the 
bulb was in contact with the glass walls of the cell. This of course gave 
only a close approximation to the actual temperature of the alkali metal 
hut was thought to be sufficiently accurate for the purpose of the experi- 
ment. The temperatures below room temperature were obtained by 


partially immersing the cell in ice and a mixture of salt and ice which was 
Cf. Jakob Kunz, Puys. Rev., XXXI., p. 538, 1910. Cf. F. K. Richtmyer, Puys. REv., 
XXIX., p. 74, 1909. 
“Winkelmann, Handbuch der Physik, Vol. 4, p. 855. 
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contained in an earthed tin vessel. A set of values is given in Table II. 
for the mean potentials observed with one cell. The potentials are 
recorded in volts. 

TABLE II. 


Potential as a Function of the Temperature. 


Temperature. | Maximum Potential. Temperature. | Maximum Potential. 


2.18 
2.24 
2.21 
2.20 


—15° C. 2.00 60° C. 
0° c. 1.92 65° C. 
15°C. 1.20 75°C. 
a6° C. 0.73 80° C. 
30° C. 0.91 105° C. 2.13 
40° C. 1.59 120° C. | 2.02 
50° C. | 1.91 | 160° C. 2.00 





| 
| 
| 
| 
| 
| 





lat The curves in Fig. 3 both indicate 


Sais at about 25° C. and the maximum 
[7 | at about 75° C.; while above the lat- 
. 3 i 2 oe oe ter the potential decreases slightly 


3 


|f 


| 
BND Z| + that the minimum effect is obtained 
— 
| 


. and then remains very nearly con- 
> Degrees Centigrade stant with further inciease in the tem- 


ry eo zo “« bo 60 100 


Fig. 3. 











perature. At the higher temperatures 
the maximum potential was reached 
in a few minutes after insulation. This fact led to an investigation of 
the current which the cell would give. 


EFFECT OF TEMPERATURE UPON THE CURRENT. 


The current was measured as explained earlier in the paper, and the 
desired temperatures were obtained as in the previous case where the 
potential was determined. In Fig. 4 are shown curves which represent 
the current given by two different sodium-potassium cells. These curves 
are seen to be identical with those which Richardson! obtained for the 
current between a hot platinum wire and a metal cylinder surrounding 
itina high vacuum. That is, for temperatures above 30° C., the current 
given by a cell with electrodes of platinum and an alloy of sodium and 
potassium in a high vacuum will when carefully screened from light be 


represented by ' 
i = aTie~", 


where a and 6 are constants and T is the absolute temperature. The 
following constants were calculated for Cell No. VL., 


10. W. Richardson. Proc. Camb. Phil. Soc., XI., p. 286, 1902. 
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a =0.18, 5b = 11,000; 
and for Cell VIL., 
a@=0.01, 6 = 10,000. 


The dotted curve in Fig. 4 is the curve obtained by using the former 
of the two sets of constants in the above theoretical equation. The 
close agreement between these curves and the theoretical curves indicates 
that the current is due to an emission of positive particles from the 
surface of the alkali metals. Dr. S.H. Anderson, working in this labora- 
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tory, has shown in a paper which will appear later that the same curves 
are obtained from the alkali metals caesium and potassium. 

However, at the temperatures below room temperature the above 
equation does not hold. A maximum value was obtained at about 0° C. 
as is shown by the curves in Fig. 5. As the temperature was still further 
decreased the magnitude of the current decreased and at the temperature 
of liquid air it was too small to be measured with any degree of accuracy. 
It will be seen that the curves in Fig. 5 are the same as those in Fig. 4 
drawn on a different scale so as to show the small maximum at 0° C. 
It was observed that even with the best vacuum possible, the su: face 
of the sodium-potassium alloy would not remain pure if an aluminium 
electrode were used. After a few weeks a white film would appear which 
caused a decrease in the maximum potential and current obtained from 
the cell. Upon examining several cells it was noticed that only those 
which had been left short-circuited for some time in the dark showed 
this effect. If care were taken not to leave the cell in the dark while 
short-circuited, the surface would remain pure for a long time. In the 
later cells investigated the aluminium electrode was replaced by one of 
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platinum. After four months these cells still show a perfectly pure 
alkali-metal surface. That is, a small beam of light is so reflected from 
the metal that one cannot see the spot where it strikes the surface. 
Time has not permitted a further investigation to determine whether 
this formation of a film was due to the gases contained in the aluminium 
electrode or to some action between the alkali vapor and this electrode. 

No attempt has been made to explain all the phenomena described 
here. However, all the results point to the conclusion that some sort of 
positively charged particles are given off by the alkali metals in a high 
vacuum. As Dr. Anderson in a paper which is to appear later has shown 
that at the high temperatures this emission of positive electricity is so 
great as to counterbalance the ordinary photo-electric effect in the light, 
we conclude that this action is taking place in the light as well as when 
screened from light but is overbalanced by the emission of negatively 
charged electrons at ordinary temperatures in the latter case. 

If we consider the current given by these cells as due to positive par- 
ticles emitted from the surface of the metal, the number leaving the 
surface can be computed. For we have that 


where is the number leaving the surface per second, 7 is the current, 
and e is the charge on each carrier. At a temperature of 25° C. the 
current was found to be 

1= 1.9 X 1075 E.M.U. 


Taking e to be 1.5 X 10~”, this gives for the number leaving the surface 


per second, 


1.9 X 107% “ah 
" = — = J. 10°, 
1.5 X 10°” 3 


It is interesting to compare this with the total number of atoms in the 
surface layer of the alkali metal. An approximate value of the average 
area of cross-section of the atom in the alloy used is 1.7 X 107 sq. cm. 
The area of the surface was 8.4 sq. cm. so that the total number in the 
surface layer was 


Hence, the ratio of the total number of atoms in the surface layer to the 


number of particles leaving this surface per second is 


5 X 10% 


oxen” FR, 
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That is, if the current is considered as due to positive particles shot out 
from the metal, only one atom out of 3.8 & 10" of those on the surface 
layer would be required to emit a positive particle per second in order 
to account for the total current. At 120° C. the current was 2.6 * 107% 
I:.M.U., and consequently, 
n = 1.7 X 10'. 

The ratio of the total number of atoms in the surface layer of positive 
particles emitted per second would be 


These results seem to indicate that only a very small proportion of the 


atoms are active and that the number increases with the temperature- 
If it can be proved that this current is due to positive particles shot off 
from the active atoms (or molecules), it will give a direct proof of the 
theory of radiation which assumes that only a small proportion of the 
molecules of a radiating body are active. 

These investigations are to be continued further in order to investigate 
more thoroughly the nature of this positive emission and to determine 
the source ‘of the energy. The present investigation has been carried 
out during the past year under the direction of Dr. Kunz, whom the 
author wishes to thank most heartily for his many helpful suggestions 
and for his never-failing interest and aid in the progress of the work. 

LABORATORY OF PHYSICS, 

UNIVERSITY OF ILLINOIS, 
URBANA-CHAMPAIGN, ILLINOIS 
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DIFFRACTION GRATING METHOD FOR DETERMINING 
INDEX OF REFRACTION. 


By FREDERICK A. OSBORN AND HORACE H. LESTER. 


HE method here described for determining the index of refraction 

of a liquid is believed to be new. The index of refraction of the 

liquid is determined by finding the ratio of the wave-lengths in air and 

in the liquid, by means of a Rowland plane grating, using an Abbe 
spectrometer. The equation for determining \ is given by 


md = 2d sin 8, 
and for finding yu, if d is constant, 


X4 sin 6, 
” i 8 ~ sin 6,’ 
where the subscripts refer to the air and liquid values respectively. 
But the value of d changes with the temperature because of the thermal 
expansion of the speculum metal of the grating. 
Let ¢, be the change in the temperature of the grating for the air readings, 
from the temperature when dp was determined; 
ti, the corresponding change in temperature for the liquid readings; 
a, the coefficient of expansion of the grating. 


Then 
(ty — ty) 


I+ aty 


= do(1 + at) sin 64 a sin 4, 
ee do(t + aty) sin@, sin 6, 


Bch 


sin 6, 
. 0. {1 + a(t, — tn)] approx. 
Since ¢;, does not differ much from 4; and f,; a is small in comparison to 
unity. 

APPARATUS AND METHOD. 

In the Abbe spectrometer (Fig. 1) the functions of the collimator and 
observing telescope are united. The plane grating, mounted on the 
rotating table, receives the light from the objective and returns the 
diffracted light along the same path as the incident light, so that it 
strikes the plane side of the objective lens, normally, thus avoiding any 
correction for refraction at the objective. 
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A Rowland grating of approximately 15,000 lines to the inch was 
used. The grating was mounted on the end of the movable spindle, Fig. 
2. A double-walled metal tank was mounted 
on the fixed circle of the spectrometer as 
shown, so the grating could be completely 
immersed in the liquid, which was distilled 
water. A heating coil was wound on the out- 
side of the tank and then the whole was 
wrapped with several layers of asbestos. 
Water, placed in the space between the 
double walls, helped to hold the temperature 











in the grating chamber mcre nearly constant. 
The work was done near 20° C. 
The temperature of the inner chamber was 











obtained by a thermometer reading directly to 
1 10° C., which had been recently calibrated 
by the Bureau of Standards. A stirrer, motor 
driven, kept the liquid well agitated. 

A preliminary investigation with the aid of Fig. 1. 
thermo-elements made certain that the ther- 
mometer indicated the true temperature of the liquid throughout the 
bath as well as the temperature of the grating with an error of less 
than .02° C, 

The lines used were those due to sodium, hydrogen and mercury, 











Fig. 2. 


giving values for u well distributed throughout the spectrum. The second, 
third or fourth order spectrum was used, depending on the brightness of 
the given lines. 
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The readings in air and in water for the various lines were made as in 
the usual grating method for finding yu. 

Table I. gives the results as obtained by the authors at different times, 
working separately and together. 


TABLE I. 


| Experi- Order of 
| menter. a 


19, 7 | 18 19.8 27s 18 |-—2 16 | Lester 3d 
19. 8 17 | 20° 30 | ‘ 13 | Lester 3d 
120. 17. —+|:20° ; 14 | Lester 3d 
20.3 | 16 | 19.9 29 | 13 | Lester | 3d 
/20.: 15 19.6 d 16 | Lester | 3d 


| | | } | 
}19.5° 35°38'18" | 20° 25°57'30" |1.33115|—1  /|1.33114 | Lester 3d 


| 1.33114— 
20° 20°25'34.7, 20. /15°16’41’.5 1.33299; 0  |1.33299 | Lester 2d 
20° 35 | 40 302; 0 Lester Apr. 6 
| 35 | 40 302! 0 | Lester to 
36 40 | 303. 0 Lester | Apr. 26 
40.7 | 302! O Lester 
41 299 0 Lester 
40 299; O Lester 
40 | 301 0 Lester 
302 | 
| |Mean 
11.33301 





| | 
‘Ss’ | COere 7 e =§ J | 
31°31'5 | 20.4,23°5’53 /1.33305 +4 § 1.33304 Lester 3d 


04 | 304 Lester 2d 
16 | 20 39 | 06 | 06 Lester 
| 


20°24'14” | 20 |15°9’40" 


03 | 03 


14 20 41 | 


14 a 40 04 | 04 
14 20 41 03 | 03 
| 39 02\-1 | 04 

+3 | 
Mean 
11.33304 








1.333025 
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a |Correc- Experi- | Order of 
1 ‘ | tions. menter. | Spectrum. 


20.3| 30°56'22” | 20.1 22°40’55” |1.33328| -++1 | 1.33329 Osborn 3d 
20.2| 25 | 20.1 55 32 33 |Osborn| 3d 
20.3 23 | 20.1 53 35 36 | L. 3d 
20 23 | 20.1 52 33 34 | OL. 3d 
20 23 | 20.1 52 33 34 O.&L| 3d 
20 21 | 20.1 52 33 O.&L) 3d 


Dec. 26-29 





iin in ‘| | Mean | 
1.33333 














30°48'54” | 20.1 22°35’34” 1.33340) +1 | 1.33341 | ; 3d 
53 | 20.1 34 | 40 41 Ca. Oe 
53 | 20.1 32 | 43 44 | L, 3d 
52 20.1 33 | 41) 42 | . |Dec. 28-30 
53 20.1 34 40 41 
53 | 20.1 34 | 40 11 
Mean 
1.333416 


Correc-| _ | Experi- Order of 
tions. | menter. Spectrum. 
| 

1.33444 5S. & M. 3d 

51 S.& M. 

49 O. 

43 O. 

45 L. 


Me 


on 


20.8 29° 0’ 7” | 20.5) 21°18'14” |1.33439 
19.9 29 09 19.8 13 50 
20.0 20 0 8 | 20 16 49 
20.129 07 | 20 17 43 
19.2 28 5959 | 19.8 10 48 
194 29 01 198 8 
19.2 29 01 | 19.8 8 51 
20.0 29 0 0 | 20.8 40 | 


| | 


| | | | 1.33447 | 
l 





| 
| 
| 
| 
| 
| 
| 
| 
| 


|\COwnwoor 








22.7 

22.6 8 | 21.9 2 | 93 17 
22.7 164318 | 21.9 12 2541 | 92 13 | 
22.6 My | Zen 40 93 15 


25°34’ 7” | 21.9 18°50’ 3” 1.33689 1.33712 | 
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Experi- Order of 
menter. Spectrum. 








31° 3/45” 22°38'30” 1.34031) —1 | 1.34032 | O. 4th 
28 33 32 | O. 4th 
43 3 26; —1 27 L 4th 
30, —1 29 L 4th 
29, —1 30 . & L. Dec. 26-29 
—1 & L. 
29; —1 30 
0 28 L. 3d 
30 0 30 " March 
0 29 . March 
28 0 28 : March 
Mean 
1.340295 


| 


oo 


20.1} 22 45 § 
20.1 
20.1 
20.1 


mu wy t 


PN & 


nw 


| 


In reducing our values from yp; to uo the empirical equation of Flatow, 
(ue = wo — 10-%(at + bf + cf + dt*) was used, where a, b, c, d are the 
constants, differing for each wave-length. Martens! has calculated the 
values of du/dt for t = 20° and for \ varying from .000214 to .000589. 
From these values a curve was plotted and the corrections to be applied 
to our data were taken directly from the curve. The correction due to 
the expansion of the grating (a = .000019) amounts to 2 X 107° for a 
temperature difference of 0.1° C. 


ACCURACY OF THE METHOD. 

6, and 6, were found to + 1.5” and this gives an error in wp of = 2X10~>. 
The temperature of the grating was known to + .02° C. and an error of 
this amount affects » by + 2 X 10-7. The temperature of the bath 
was not in error by .05° C. and this would change uw by + 5 X 107°. 
The probable error in yp is therefore = 2 X 1075. 

Table II. gives the various values for ue for the wave-lengths worked 
with, as found by other workers and other methods,? and those obtained 
by our new method. The curve, Fig. 3, which is drawn from the mean 
values for 29 obtained from the values found by the different workers, 
shows the variation in their values from the mean and also the position 
on the mean curve of our values. 


SUMMARY. 
1. A new method for finding u for some liquids has been found. 
2. The method is simple in theory and practice. 


1 Landolt-Bornstein, Phys.-Chem. Tab., 1905, pp. 669-670. 
? Landolt-Bornstein, Phys.-Chem. Tab., 1905, pp. 669-670. 








A. 





400. 500 


Fig. 3. 


Values from new method of dN/dd are indicated by crosses; values from other 
workers are indicated by dots. 
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TABLE II. 
Index of Refraction of Water at 20° C. 


A 





Experimenter. j ‘ 
y 434 Bie | N 4 589 


Dufet.... 1.34015 1.33701 | 1.33292 
Bender ae 23 05 87 

sa 38 15 300 
Bruhl 44 19 | 04 
Wullner 36 14 — 
oS See eee 35 05 — 
Re Pee re en 12 306 
Laeaet...... eben aie 12 295 
Ruhlman..... Retry — 301 
Lorens...... - — 300 
ee re ee ee | — 299 113 
i eee ee — 300 — 





Mean | Mean ~ Mean - ~ Mean 
1.34032 | 1.33711 1.332994 1.33113 


| LT gas6 
Osborn and Lester | 1.340295 1.33714 | 1.33302 | 1.33114 


3. Its accuracy compares favorably with any of the present methods. 

4. By making the liquid chamber smaller and bringing the telescope 
nearer the grating, smaller amounts of the liquids would be required. 

5. Any liquid not attacking the grating could be used, as the alcohols 
and most of the organic liquids. 


PHYSICS LABORATORY, 
UNIVERSITY OF WASHINGTON, IQ12. 





A STUDY OF THE SPHEROIDAL STATE. 


A STUDY OF THE SPHEROIDAL STATE. 
By C. W. BaTporF. 


QOHANN GOTTLOB LEIDENFROST, in a work on surface ten- 
sion published in 1756, was probably the first to publish accounts 
of the behavior of a liquid on a hot, smooth plate. Fiom this it was 
known as Leidenfrost’s phenomenon, but later the term ‘“‘spheroidal 
state’’ was applied. Dr. Berger! gives a summary of the extensive 
investigations of the German, French and English physicists, together 
with many references and some new work. Experiments were carried 
on with a great number of liquids and mixtures, most of the work being 
done to discover whether the liquid touches the hot plate or not, and if 
not, why. By 1863 the leading theory was the present one, that the drop 
rests on a cushion of its own vapor. Berger and Tyndall supported this 


theory, the latter calling attention to Mr. George Stephenson’s idea of 


having his locomotive boilers rest on a cushion of steam.? Another theory 
claimed that the heat pressure thrusts the liquid back; and another, 
that the heat so weakens the adhesion that the cohesion predominates. 
For plates Berger used hemispherical shells of copper, silver and platinum, 
and molten metals. He even experimented upon leaves, fruit parings, 
and grasses, which twirled rapidly on the hot plate. He concluded that 
any substance which can be liquefied can pass into the spheroidal state 
' the plate can be sufficiently heated. The early investigators also 
iried to account for the existence of the starforms. Schnauss* published 
drawings of the starforms; Seyffer‘ improved the figures by bowing; and 
both men likened the starforms to sound figures. No agreement could 
be reached for the temperature of water in the spheroidal state. Mercury- 
glass thermometers were used, and Débereiner, Marchand, Laurent, and 
Person obtained results ranging from 82° C. to 101° C. Boutigny found 
the temperature to remain constant at 96.5° C., while Berger found the 
temperature to range from 96° C. to 98° C. 

To determine the temperature of distilled water in the spheroidal 
‘tate I used a platinum-platinum rhodium thermo-couple connected to 


’ Pogg. Ann., 1863, Vol. 119, page 594. 
* Phil. Mag., 4, 10, page 353. 

* Pogg. Ann., 79, page 432. 

‘ Pogg. Ann., 80, page 578. 
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a sensitive galvanometer, the latter being read with telescope and scale. 
By placing the disc-shaped weld of the thermocouple in a horizontal 
position the temperature of a small drop could be determined. Tem- 
perature readings, taken as rapidly as an observer could record them 
from the telescope, show that the temperature fluctuates constantly. 
Starting with a mass of about two grams on a level iron plate the following 
temperatures were indicated: 

95°.66 C. 95°.66 C. 94°.55 C. 95°.10 C. 

97°.50 C. 94°.68 C. 95°.10 C. 93°.56 C. 

96°.55 C. 94°.42 C. 94°.96 C. 91°.76 C. 

With the couple in boiling water there was no motion of the gal- 
vanometer mirror. In the above experiment the mirror was motionless 
for only a small fraction of a second at a time. The table shows that 
the temperature, although fluctuating, gradually decreased as the globule 
of water became smaller from evaporation. Using a weld about 2.5 mm. 
in diameter, 78° C. was the lowest dependable temperature observed. 
Occasionally the range of temperature fluctuation was very small for a 
minute or more, as may be seen from the following table: 

96°.09 C. 0:47 C. 96°.24 C. 


96°.09 C. 96°.09 C. 96°.38 C. 
96°.24 C. 95°.96 C, 96°.38 C. 


This shows an approximately equilibrium temperature of 96°.18 C., a 
mean not far from Boutigny’s value of 96°.5 C. But ordinarily the 
temperature fluctuated over a range of about 6° C. The temperature 


will vary also with the atmospheric pressure. 

Much attention has been given to the minimum temperature of the 
plate at which water will assume the spheroidal state. To determine this 
two plates were used, a level iron plate 2.5 cm. thick and 5 cm. in diameter; 
and a brass plate of about the same dimensions with an inverted cone- 
shaped surface of large angle. A shield with a chimney disposed of the 
heated gases. <A small hole bored into the plate and filled with mercury, 
to contain the couple, furnished a means of determining temperatures 
below 350° C. A drop of about 2 grams of water on the iron plate, in 
equilibrium in the spheroidal state while the plate was cooling, touched 
the metal when it had cooled to 260° C. Under analogous conditions 
a drop of about 0.5 grm. remained in the spheroidal state until the plate 
cooled to 230° C., a range of 30° C. due to using different-sized drops. 
A small drop of water on the cooling brass plate touched the plate very 
suddenly at 228°.4 C. A still smaller drop on the same plate ali dis- 
appeared by slow evaporation, the temperature of the plate being 172°.9 
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(. at the close of the action.! In considering the “‘ minimum temperature 
of the plate,”’ the conductivity of the material of the plate must be con- 
sidered. A silver plate will doubtless maintain a given spheroid of water 
when at a lower temperature than an iron plate of the same dimensions. 
It might be shown by using a level plate one half of one metal and the 
other half of the other metal. Further, the minimum temperature will 
vary with the pressure. Buddle found that in an exhausted receiver 
water passed into the spheroidal state even when the temperature of the 
support he used was not more than 90° C.2. The ‘‘ minimum temperature 


” 


of the plate”’ is therefore rather an indefinite conception unless accom- 
panied by specifications as to its material and dimensions, the size of 
the drop, and the atmospheric pressure. 

The most extraordinary phenomena of the spheroidal state of liquids 
are the starforms and other regular figures. They may be observed on 
a level, or better, on a hollow cone-shaped plate, if the temperature is 
above 450° C. A globule of water resting quietly on such a plate will 
soon begin to vibrate radially in the form of a star with an even number 
of curved points. These figures must be observed to be appreciated. 
A 2n-point star consists of an n-point star occupying at one instant a 
given position, and at the next instant occupying a position making an 
angle +/n with its first position, with the same center. The oscillations 
from cne of these positions to the other are strictly radial, so that the 
2n-point star owes its appearance to the persistence of the superposed 
retinal images. 

\ vibrating 2m-point star becomes an n-point star standing perfectly 
still when viewed through the stroboscope, properly regulated as to 
speed. The stroboscope disc should be very light so that the speed 
can be quickly regulated by a sliding rheostat in the motor circuit. 
from the speed of the disc and the number of apertures the vibration 
rate of the star can be calculated. The vibration rate is too low to 
observe the details of the action in a rotating mirror; but the stroboscope 
shows that, while the complete star is a gem of perfection and symmetry, 
the parts of the star are sometimes asymmetrical. This is particularly 
true of the 5-point star vibrating to compose the 10-point star. 


For a given vibrating globule the speed of the disc must be steadily 
increased in order to keep the n-point star in view; because, with certain 


' The thermo-couple used formed a highly sensitive thermometric system. In the above 
experiments, when the water touched the metal plate the galvanometer mirror jumped in- 
stantly and moved so rapidly that the eye could not follow the scale readings. This shows 
at once the rapidity of heat conduction through the mercury and the plate and the sensitive- 
ness of the system. 

* Ganot’s Physics, 17th ed., page 385. 
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limitations, the vibration rate increases as the globule decreases by 
evaporation. A globule of water of the right magnitude will vibrate as 
a 10-point star with ten complete vibrations per second. The points 
are prominent and far apart, the amplitude of vibration is near the 
maximum and the vibration rate is near the minimum. As the drop 
evaporates the circumference decreases, the star points are crowded closer 
together, their curvatures and the vibration rate increase, while the 
amplitude decreases. This action continues until the vibration rate 
reaches a value of from 18 to 24 complete vibrations per second. Then 
the vibrations gradually die away, and the drop remains for a few seconds 
in comparative equilibrium, or with rapid vibrations of small amplitude. 
The drop soon begins to vibrate again, this time as an 8-point star, but 
with ten complete vibrations per second as before. The points are large, 
and the amplitude has a maximum value. As the circumference de- 
creases, owing to evaporation, the points are crowded closer together, 
as before. As before the curvature of the points and the vibration rate 
increase, while the amplitude decreases. When the rate reaches a value 
of from 18 to 24 vibrations per second the drop once more regains equilib- 
rium, only to begin vibrating again as a 6-point star, with a rate of about 
ten vibrations per second.' During the passage from a 2m-point star to 
a (2n—2)-point star the drop usually vibrates at a high rate with small 
amplitude, forming other regular figures of exquisite pattern. 

The number of star points is not strictly determined by the circum- 
ference of the drop, as is shown by accompanying photographs, Figs. 
10 and 11. This case shows two drops of water (made milky with 
alcohol and rosin) of approximately the same size, under identical 
conditions. Yet one vibrates with ten points and the other vibrates with 
sixteen points. Various interesting modifications can be made in the 
figures by the insertion of fine wire circles, squares, and stars, the vibra- 
tions being quite stable. Depressing the drop increases the circum- 
ference and the amplitude, and decreases the rate. Raising the wire 
frame will lift part of the drop, producing the opposite result. If a little 
water be allowed to trickle down the wire stem to the middle of the 
vibrating drop, the rate may be decreased considerably below ten vibra- 


tions.per second, without changing the number of points. 

The 4-point star is composed of an ellipsoid vibrating radially in 
two positions, not always at right angles with each other. The vibration 
rate varies from less than ten to more than forty complete vibrations 
per second. The two rotations—one more or less rapid about a vertical 


1 The numbers relating to maximum and minimum vibration rates are illustrative only, 
as they vary over a wide range, and are easily subject to control. 
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axis which interferes with photographing, and the other a slow rotation 
of a globule equilibrium about a nearly horizontal axis—have been de- 
scribed by Berger. The stationary, concentric circular waves in the 
surface of the drop, just preceding the starform, also have been men- 
tioned. Often a large globule will vibrate elliptically as a whole, while 
vibrating at the same time in small points around the perimeter of the 
ellipse. The vibrating starform gives rise to a distinct sputtering sound. 

Various mixtures and solutions, both of salts and of liquids, of varying 
degrees of concentration, furnish an endless variety of modifications in 
the figures. A deposit of salt may be removed from the plate by dropping 
cold water on to the plate from some little height. The fact that salt 
is deposited and may be removed as indicated helps to show the nature 
of the contact. In mixtures like oil and water the water becomes encased 


’ 


in the hot oil and ‘‘explodes” so that observation is not possible. 

The starforms and other figures are readily produced by other liquids, 
such as alcohol, kerosene, paraffine, benzine, turpentine, and ether. A 
liquid differing from water in density and in surface tension will generally 
difler also in the starform and in the vibration rate. In the liquids 
named the star points are smaller than in water. The vapor of a com- 
hustibie liquid may be ignited without interfering with the star. This 
method of evaporating combustible liquids has some advantages. It 
shows, for example, that the residue of paraffine wax is practically an 
explosive. 

lor liquid ait the star points are smaller and the vibration rate is 
higher than for any other liquid tested. The plate should be a hollow 
cone whose angle is less than 160° to keep bubbles from destroying the 
star. The sounds produced by liquid air are much louder than the 
sounds produced by water. As the drop grows smaller the vibration rate 
increases, until a sound corresponding to 500 or more complete vibrations 
per second is produced. Ice formed from the vapor in the air interferes 
with the vibrations of a small drop and prevents the production of a very 
shrill sound. A globule of liquid air, dropped on the surface of water or 
other liquid, immediately forms a star and soon freezes the surface of 
the depression in which it rests. A block of ice is unsuitable for a plate 
because it cracks badly. On sulphuric acid liquid air rotates rapidly, 
sometimes in the form of an annular ring. Ether will form a star for a 
short time on the surface of warm water. Liquid air dropped on to a 
level plate, at the room temperature, from a height of 10 or 15 cm., is 


broken up into a number of,small drops, free from interfering ice particles. 
The impact sets these small drops into violent vibration in the ellipsoidal 
form described for a small drop of water. These figures are of remark- 
able beauty. 
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A study of the forces acting upon the globule, and of the condition of 
the contact, are the first steps in understanding this interesting action 
of liquids. The chief forces present are weight, and the upward thrust 
of the steam, acting vertically in opposite directions; and surface tension, 
acting tangentially to the surface at any point. The globule rests upon 
its own vapor; that is, upon a substance to which it does not adhere, 
so that surface tension is able to form the liquid into a ‘‘spheroid.” 
A globule on such a springy cushion, subjected to the action of these 
three forces, can as well be expected to form a regular as an irregular 
figure. Since surface tension is active in a cold liquid also, therefore, 
if an adequate substitution can be made for the other conditions it 
should be possible to secure a starform in a cold liquid. A simple experi- 
ment will show that it is possible. A globule of water placed upon a 
nasturtium or a pond lily leaf, so that the horizontal section is approxi- 


mately a circle, subjected to vertical mechanical vibration of suitable 


frequency and amplitude, will vibrate as a star, similar to one formed 
on a hot plate and quite as perfect in form. <A dessert spoon, blackened 
in the flame of a candle, makes an excellent surface for water; and the 
curved handle held firmly on the table while the spoon projects over the 
edge can be used to make the spoon vibrate forming star-shaped figures. 
This can be done with any liquid for which a suitable surface can be 
obtained. 

Since vertical vibration, combined with surface tension, is sufficient to 
account for the starforms, it is clear why such figures do not appear 
on the standard perforated silver plate commonly used in laboratories. 
The vapor escapes through the perforations and cannot lift the globule; 
hence one force is wanting. 

In studying the vibrations of a cold spheroid, high temperatures do not 
then interfere, evaporation is negligible, and rotation is lessened or 
eliminated, which makes photographing easier. The vibration rate and 
the amplitude may be controlled, and an endless variety of figures can 
be produced. In such a study a large, electrically driven fork, hori- 
zontally mounted, is suitable. Each prong may have an adjustable 
load to vary the rate of vibration. Of the two forks used by the writer 
one had a frequency of 64 and the other of 128 complete vibrations per 
second, and the loads were 50 grams each. A thin spring board may be 
clamped above the fork, and the vibrations may be communicated to it 
by a vertical rod. The vibrating surface (for water a watch glass covered 
with the soot of a candle flame) may be fastened to the board by rubber 
bands. A sliding rheostat in circuit will aid in adjusting the amplitude. 

Some of the best studies can be made with fairly clean mercury on a 
watch glass, the surface of which has been tarnished with oxidized 
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mercury to prevent too great adhesion between the mercury and glass. 
This last condition is important. When the fork is in unison with a 
natural period of the mercury globule a small amplitude will suffice to 
forma perfect star. When the fork is not in unison with a natural period, 
still the globule often passes through a cycle, taking on several perfectly 
symmetrical forms in rapid succession. A particularly rich variety can 
be obtained by adjusting the loads at different distances on the prongs 
and allowing the vibrations to decrease slowly, with the circuit broken. 

The surface of vibrating mercury often shows a pattern of concentric 
circular stationary rings, whose number and radii vary with the period. 
The number of points in the mercury star also depends on the period. 
Using the large fork described above, with the prongs loaded, a mercury 
globule about 25 mm. in diameter vibrated with eight points. With the 
load removed the globule vibrated with twenty points. There were 
three rings in each case, but corresponding radii were different in the two 
cases. Upon using the smaller fork, the same globule vibrated with 
many points, perhaps thirty-four, with six rings. Thus, a given globule 
has many natural periods, depending upon the figure produced. 

By holding a stretched string horizontally so that its image is seen in 
the surface of the globule near the region of the outer circle, where the 
amplitude is very small, the reflected image will be seen to have the same 
form as the star-points in the perimeter, giving a hint as to the character 
of the surface vibrations. 

A large drop vibrating as a 20-point star with three rings had 20 
radii, one extending to each point. Light from an incandescent bulb 
was reflected from each area bounded by two arcs and two radii. Similar 
radii and rings sometimes appear in a spheroid of water. Both cases 
strikingly resemble Chladni disc patterns. 

An inexhaustible variety of mercury figures may be formed, depending 
upon the size of the drop, the amplitude and rate of vibration, and other 
conditions. Pouring water over the mercury globule again furnishes new 
forms. <A few of these oddities are shown in the accompanying drawings. 

A star formed on a hot plate has only an even number of points, all 
of the same size. One characteristic mercury figure might be considered 
a star with an odd number of points. Such a star, with seven points, is 


drawn to scale in Fig. 1. The outside perimeter represents the extreme 
position. The dotted line is the perimeter in the other position. The 
points a, b, c,. . . are stationary, while the star-points d, f,. . . vibrate 


to e, g, . . . and back again. Hence the globule must increase and 
decrease in thickness, a movement quite different from that of the ordi- 
nary mercury star shown in Fig. 2. Fig. 2 is a characteristic mercury 
star with 12 points, 12 radii and one ring. The solid line is the star 
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in one position, the dotted line is the star in the other position. Fig. 3 
is a form of frequent occurrence. It is the more unexpected when it is 
remembered that the horizontal section of the watch glass is a circle and 
that Figs. 1 and 2 occur in the same glass. Fig. 4 is cold water vibrating 
as an 8-point star on a nasturtium leaf. All figures are drawn to scale. 

The starforms can be photographed, using an arc light and a camera 
with short focus. Figs. 5 to 12 are taken from photographs. Fig. 5 isa 


Fig. 2. Fig. 3. Fig. 4. 


12-point mercury star on a white background, exposure half a second. 
The curved points are shown, except on the side next the arc. Fig. 6 is 
a 14-point, Fig. 7 a 16-point mercury star, both on a dark background, 
exposure one second. Fig. 8 is a star with 24 points, formed by placing 
a watch glass on top of the mercury globule. Fig. 9 is a 4-point ellip- 
soidal star, taken from water made milky with rosin and alcohol. Refer- 
ence has already been made to Figs. 10 and 11. If the water is made 
translucent, the entire outline of two m-point stars may be photographed. 
Fig. 12 is such a photograph for an 8-point star. At the base of any 
point can be seen the concave part of the perimeter between its two 
neighboring points. The focal distance was 25 cm. 

The movements of fine particles suspended in a liquid in the spheroidal 
state show the drop to be in a state of violent internal agitation, which 
may help account for the rapid fluctuations in temperature. The ice 
particles in liquid air collect in a circle around the edge of the drop and 
are there given a rapid rolling motion. A globule mechanically vibrated 
shows equally rapid internal motions. 

Water dropped on to a level hot plate breaks up into a number of 
small drops, each vibrating rapidly with considerable amplitude. As 
these small drops dart about on the hot plate they often come violently 
into contact with each other. Two such drops do not coalesce, but fly 
apart like two rubber balls. As the amplitude decreases, even though 
the vibration rate increases, the drops are able to coalesce when they 
meet. The same is true for liquid air on a level plate at the room tem- 
perature; and thus the ellipsoids already described can be viewed for 
some time. Small spheres of mercury falling on to the surface of vibrat- 
ing mercury often glide over the surface for a time. It is difficult to 
pick up a vibrating mercury globule in a giass dropper; the mercury runs 
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away from the dropper. A vibrating mass of liquid seems, on account 
of its motion, to be able to maintain an independent existence in much 
the same way that a vortex ring, or other moving system, maintains its 
existence. 


A small stream of water dropping from a height of about 30 cm. on to 





Fig. 7. Fig. 9. Fig. 12. 


‘he surface of quiet water will, from the impact, produce a large number 
0! small spherical globules which float for a few moments on the surface." 
lhe globules are projected rapidly outward from the source of formation, 
ind they can be seen to be in rapid vibration. They glide over the 
surface for some distance, and then, when their motion of translation 
becomes slow, they coalesce with the main body of liquid. A tiny column 
of water is splashed upward about half a centimeter, as described in 
\Vorthington’s “Splashes.” It can be seen with the eye on the level 
the water. . By the same method each sphere can be seen to float 
Poynting and Thompson, Heat, p. 184. 
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in a shallow basin and when the light is right a train of ripples can be 
seen in front of a moving globule. These globules are not in contact 
with the surface of the water, for instead of following the water down the 
overflow edge of the vessel, they jump off, clearing the wall by some dis- 
tance. There they may be caught on a plate of glass coated with 
paraffine. A globule 3 mm. in diameter is a fairly large one. They can 
be formed on distilled water, but not on oily or contaminated water. 

Occasionally two globules will unite and continue as one. Frequently 
a globule will coalesce or partly coalesce with the liquid, leaving a smaller 
globule in its place. The drops may have one or more rotations but 
they do not roll, since there is no proper contact. The motions of 
vibration, translation and rotation, together with surface tension, are 
probably sufficient to account for their existence. 

If a light, cylindrical glass jar containing wood alcohol be bowed, 
myriads of spherical globules will be thrown toward the center by the 
vibrating segments.' There they continue to float for a few moments, 
repelling one another when they come in contact. A close inspection 
shows that they are in rapid vibration, which accounts for their ability 
to remain on the surface. 

It is impossible for a liquid in the spheroidal state to boil, since the 
lower side is free to evaporate into the atmosphere. 

Water boiled in a smooth vessel gives rise to superheating effects, 
with explosive boiling. Something of this sort might be expected to take 
place in a liquid globule in the spheroidal state; but as a matter of actual 
experience, after reaching its equilibrium temperature, just below its 
boiling point, the liquid is able to lose heat by radiation and evaporation 
as rapdily as it receives heat by radiation from the plate, and by con- 
duction from its cushion of steam. 

An incandescent silver ball suspended in a vessel of boiling hot water 
will not keep the water at that temperature. Even the rising column 
of vapor is below the boiling point temperature. A thermometer held 
with its bulb at the side of the glowing silver, at a distance of 3 cm. from 


it, indicates a falling temperature. At this point the tempetature will 


drop at least 5°.0 below boiling. 

A bunsen flame directed against the surface of a beaker of boiling 
hot water will not keep the water at that temperature. Hence, by means 
of radiant energy alone, directed against one side of a liquid, aided 
by the contact of hot gases, the liquid cannot be made to boil, nor be 
brought to its boiling temperature. 


UNIVERSITY OF CALIFORNIA, 
DEPARTMENT OF PuysIcs. 


1 Poynting and Thomson, Heat, p. 184. 
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A THEORETICAL CORRECTION TO THE DROP METHOD 
OF DETERMINING THE ELEMENTARY CHARGE. 


By ARTHUR C. LUNN. 


S ta absolute determination of the elementary charge by the use 

of drops of liquid as carriers, in the refined form developed by 
Millikan,! depends upon the measurement of the steady velocity of the 
drop through the surrounding medium under gravity, with and without 
the presence of an electrostatic field. The computation assumes that the 
coefficient of mobility of the drop is the same in both cases. If, however, 
the liquid of which the drop is composed has a dielectric constant differ- 
ent from that of the surrounding medium, the surface stresses produced 
by the field tend to distort the drop into a somewhat elongated form, up 
to the configuration at which they are equilibrated by corresponding in- 
equalities in the normal component of the surface tension, due to varia- 
tions in the curvature of the surface. This indicates that the field may be 
expected to modify the factor of mobility, implying a correction to the 
value of the charge as computed from the.observed velocities. There is 
here obtained an approximate formula for the amount of this ellipticity, 
from which it appears that under the actual conditions of Millikan’s 
measurements the correction is inappreciable. 

Let E, D be the electric field and displacement and w the energy 
concentration, then on a surface whose unit outward normal is n the 
vector of stress is 

S = (Dn)E — wn. 
In the case of a sphere of uniform dielectric constant e, placed in a field 
previously uniform, of strength F, there will be symmetry about the 
axis of the field, so that it is sufficient to consider the components of the 
vectors in a meridian plane, along and perpendicular to the radius, to be 
denoted here by subscripts 1, 2 respectively. Then inside the sphere, 
at the surface, may be put 


E _ (Fi, FE»), D — : (Fy, E2), n= (— I, 0), 
4r 


© (R2 - a 
w= 9 (Ei + E), °S; ae 


' Puys. REV., 32, pp. 349-397, April, 1911. 
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and outside, because of the continuity of E tangentially and of D nor- 
mally: 


E’ = (cf, E,), D’ == (cB, E.), n’ = (1,0), 


I 9 9 , I 9 9 , € 
Se (PE? + E,?), Si = Sr (PE? = E;’), S,’ = 4n E\F2. 


Thus the resultant stress is entirely normal, of value 


ae 
Si + Si’ = : Sr - (eE? + E;?), 


Inside the sphere the field is still uniform, but of strength reduced in the 
ratio 3/(e + 2), so that 


3 3 ‘ 
E, = ——Fcse EE =— ; 
1 > cos ¢ 2 o4+2°mne 


where ¢ is the polar angle reckoned from the axis of the field. Hence 


(1) e467 « 2) ~~ getoo 


8r(e + 2)? 
Since this is greatest at the poles of the sphere, the tendency is to produce 
elongation until compensation is reached through a _ corresponding 
variation in the product of surface tension and total curvature of 
surface. 

For a first approximation the deformed surface may be considered as 
a prolate ellipsoid of revolution, whoes meridian curve, in terms of the 
eccentric angle ¢, is given by 

x=acost, y= bsint. 


The first principal radius of curvature of the surface, that of the meridian 


curve, is then 
(x +")? — (a? sin? t + b? cos? t)! 


- 


xy" — x!y’ = ab 
and the second principal radius is 
bsint ,—————— 
R’ =ysec y= i Va? + b? cos? t, 
where y is the angle betweeen the y-axis and the normal to the ellipse, 


so that 
b cot t 


tan y = 


Thus the total curvature of the surface, expressed in terms of a and the 
eccentricity e is 
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I I I 2-—e-—eécos*?t 


boat 6° G— Ph — eco!” 


and the corresponding normal pressure from the surface tension 7, ex- 
panded in powers of @, is 


T 
(2) P= kT =~ (1 +€ costt + +++). 


At corresponding points the electric stress on the elongated surface 
will differ from that on the sphere by terms containing powers of the 
measure of deformation; siniilarly the angles ¢, g differ by terms con- 
taining powers of e®. Hence the condition of equilibrium in terms of 
lowest order will be obtained by equating the coefficient of cos? g in (1) 


to the coefficient of cos? ¢ in (2), so that the eccentricity is determined by 
a 9 (: —- 1\'eF? 
~ y6rN\e +2) T° 


(3) 


Under the same conditions as for the ordinary form of Stokes’ law 
for a sphere, moving steadily through a viscous medium, the resistance 
io the ellipsoid! is the same as to a sphere of radius 


where 


— t ds — (4 
ee" Sy @ +s BO J 


A? = (a? + s)(b? + 5s)’. 
The radius of the sphere of equal volume is however 


r = (ab?)!, 


If then the material of the drop be regarded as incompressible, the effect 
of the elongation of form is to diminish the resistance in the ratio 


, 


2 
r I1+2é I+e : 
—I 


— ¢)? 
3(1 | 2e tT 


Combined with equation (3) this shows that the deformation produced 
by the field leads to an increase of the steady velocity under given forces, 
whose ratio to the whole velocity v is 

Av 3 fe -—1/)PaF 

¢ S8or\e+2 . 


‘Lamb, Hydrodynamics, ed. 2, p. 555; referring to Oberbeck, Crelle’s Journal, LXXXI., 
p. 62, 1876. 
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In Millikan’s measurements the field was less than 9,000 volts per 
centimeter (F < 30), and the radius of the drop seldom over 6 X 10~. 
With T = 30 and a high value for e the correction would thus be in the 
extreme cases of the order of one part in ten thousand. 

No account has thus far been taken of the effect produced by the local 
field due to the charges on the drop itself, which would depend on their 
location; but it may be conjectured that this effect also would be negli- 


gible unless the total charge were large compared with a?F, which in 


most cases would imply a high multiple charge. 1t is perhaps also 
questionable whether the formula used for the pressure due to surface 
tension is accurate on so minute a scale. 
UNIVERSITY OF CHICAGO. 
June, 1912. 





MOVING CHANGES. 


THE MECHANICAL FORCES BETWEEN MOVING ELECTRIC 
CHARGES. 


By F. R. SHARPE. 


N the April number of the PHysiIcAL REviEw Dr. Crehore has given 
an electrical explanation of the force of gravitation between two 
atoms, each built up of a positive charge around which an equal negative 
charge is rotating. The calculations depend on the expressions for the 
mechanical forces between moving charges which Sir J. J. Thomson ob- 
tained in his pioneer paper (Phil. Mag., 1881). The object of this note 
is to point out that modern theory leads to a force which varies approxi- 
mately as the inverse cube of the distance and cannot therefore be gravi- 
tation, Itis also proved that Thomson's expressions can be derived from 
the modern theory by supposing the velocity of transmission c to increase 
indefinitely. 
The mechanical force exerted at time ¢ on a charge e having velocity q 
hy a charge e’ having velocity g’ and at a distance r at time t — (r/c) is 


Oa 
—e(vet+qxvXxa- =) 


where ¢ is the scalar potential 


7) 
ind @ is the vector potential 
+ 
, 
‘Ty 
(0) 
cr 
See Abraham's Elektrizitat, Vol. II., pp. 18 and 36. The mechanical 
iorce found from (1) is given on p. 97. If we allow c to increase indefi- 


nite ly 
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and the mechanical force (1) approaches the value 


(2) 


Since 


=F yee! (1 4+ q'(q’: Dy UKE XT) 


qxq xXr= (q-q'))r—Q'(Q°7), 
the expression (2) may be written 


ee’r (9-d)r i(g’-r) — (q-n)jq’ 
a wee’ (Te +4 + p 
The first term is the ordinary electrostatic repulsion and the remaining 
terms are readily identified with Thomson's expressions with the exception 
of an irrelevant factor 4 
CORNELL UNIVERSITY, 
May, I912. 
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\ \IETHOD FOR THE PRODUCTION OF A HIGH POTENTIAL FOR ELECTROMETER 
Work.! 


By A. H. FORMAN. 


| is often desirable to obtain a high potential which will be constant enough not 
to disturb an electrometer, as when one wishes to hold an ionizing chamber 
ta high potential, and measure the leakage in this chamber with a Dolzolek 
electrometer. This requires a very steady potential such as might be obtained 
hy a battery of voltaic or storage cells. However, if a very high potential is 
wanted the size and expense of such a battery is considerable, and it would also 
require frequent attention to keep it in good working order. 
\ method which does not offer these objectionable features is to use a battery 
of condensers and a low source of e.m.f. Trowbridge, Thompson, Lohman and 
thers have used batteries of condensers and caused them to be alternately 
onnected in parallal and series. By this method it is possible to apply a 
ilsating or intermittent potential to a battery of condensers, giving a ratio 
transformation slightly less than the number of condensers employed. 


he source may be either a steady e.m.f. or a transformer. This scheme may 


modified for electrometer work, and the following method has proved satis- 
factory for this purpose. 

[he condensers are permanently connected in series, and then separately 
charged in succession from an insulated source of constante.m.f. This charging 
it succession is done by means of a rotating contact maker. It consists of a 
crum with as many pairs of contacts as there are condensers in series. These 
contact points are staggered on the drum so that but one pair is connected to 

ndenser at one time, but each pair is always connected to the source of 
cm.t. through slip rings on the drum. In this way as the drum is rotated it 


nnects each condenser in succession across the source of e.m.f., and the 
ster it is rotated the oftener they are charged. 

Since the source of e.m.f. is insulated, any point in the series of condensers 
can be made to have zero potential by grounding it. This will then give any 
other point in the series a definite absolute potential. And the total difference 


Abstract of a paper presented at the Washington meeting of the Physical Society, Dec. 





IOI. 
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in potential of the series is equal to the number of condensers times the e.m.f. 
of the source. Also, since each and every condenser is charged for every revolu- 
tion of the drum, if the speed of rotation is enough, the condensers are kept 
fully charged. 

The advantage of such a method over the use of batteries is evident, both 
as to cost and as to convenience. Since the potential difference is equal to 
the number of condensers times the e.m.f. of the battery used, it does not 
require many condensers nor a source of high e.m.f. The small battery can 
be kept in condition with little trouble, or if dry cells are used they will require 
little or no attention, and as the condensers do not deteriorate, they will require 
no attention at all. One can use ordinary telephone condensers which are 
cheap and have a capacity of 2 microfarads. 

This scheme not only gives a steady potential but it affords a means of 
calibrating static high potential instruments. The ratio of transformation 
in this case being equal to the number of condensers, employed, since they 
are always connected in series. 

Itnaca, N. Y. 


THE IONIZATION FROM HEATED SALTs.! 
By CHARLES SHEARD. 


_ gpewrranicnenicem have been carried out on the ionization produced by 
heating cadmium iodide at temperatures ranging from 345° C. to 480° C. 


“a 


and at pressures of 9-0.4 cm. In the earlier experiments a ‘“‘double tube” 
form of apparatus was used. This consisted of two hard-glass tubes, each 
30 cm. in length and 2.5 cm. diameter, connected by a short glass cross-con- 
nection. The outer electrodes were of platinum gauze fitting closely against 
the inner glass surfaces and were placed symmetrically with respect to the 
glass connection joining the tubes. The inner electrodes were of platinum 
wire. The ionization effects obtained by the use of the double tube apparatus 
showed that 

1. Applying voltages which gave saturation currents in the tube containing 
the salt, ionization occurred in the second tube. The positive ionization in the 
unsalted tube was in general comparable in value to that obtained in the tube 
carrying the salt and in some cases exceeded it. Hence vaporization of the 
salt without ionization may occur; the vaporized material may be subsequently 
ionized. 

2. The greatest positive emission was obtained initially when the temperature 
was below the melting point of the cadmium iodide (402° C.); when the tem- 
perature was above the melting point there was a gradual rise in current values 
to a maximum (after 15-25 minutes heating) followed by decay with time. 

3. At a constant pressure of 1.3 cm. the maximum positive emission in- 
creased in the ratio of 20:1 in passing from a temperature of 385° C. to a 
te mperature of 415-420° C. 


1 Abstract of a paper presented before the American Physical Society, New York meeting, 


March 2, 1912. 
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4. Several maxima and minima were found in the positive ionization in the 
unsalted tube. 

5. The positive and negative currents in the tube containing the cadmium 
jodide at a temperature of 355° C. and a pressure of 1 cm. were nearly equal, 
decaying in each case from an initial value of 75-100 XK 107! ampere to a 
steady value of 4.7 X 107” ampere in half an hour. In the unsalted tube the 
negative current decayed from an initial maximum value of 17,745 X 107 
ampere; the positive current fell off with time from an initial maximum value 
of 2,350 X 107 ampere. 

lhe existence of a current when the salt-covered plate (usually of platinum) 
is negatively charged has been taken to indicate either the emission of negative 
ions or volume ionization of the vapors given off by the salt. However, it 
might equally well arise from the vapors or the sublimed salt at the opposite 
(central) electrode, resulting in the emission of positive ions which would 
saturate to the outer negatively charged electrode. Furthermore, chemical 
reactions between the vapors and the heated electrodes might vitiate the true 
ionization effects from the salt. 

A form of apparatus, in which these points of difficulty were obviated, was 
constructed and used in some further experimentation. It consisted of a glass 
tube 40 cm. long, 44% cm. in diameter, carrying an air-cooled brass electrode 
which passed through the center of a ground glass stopper fitting into the top 
of the main tube. The second electrode consisted of the glass wall of the tube 


TABLE I. 
Pressure = 1.8 cm. Voltage at tube = + 200 volts. 
remperature = 470-475° C. 1 div. = 10~° ampere. 


Min.). Negative Positive Time (Min.). Negative Positive 
Current. Current. Current. Current. 


152 400 | 2.7 
520 | 
1638 


728 

198 

118 
57 
26.8 


29 9.9 
34 | 8.3 





Wrapped externally with metal foil, the glass being a good conductor above 300° 
C. The experiments using this form of apparatus at temperatures ranging 
irom 445-480° C. and at pressures of 3-0.8 cm. showed that 

6. There was an emission of negative as well as of positive ions. The negative 
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emission decayed rapidly with time from an initial maximum value. The 
positive emission increased slowly with continued heating, attained a maximum 
value after 60-80 minutes and then decayed with time. The ratio of maximum 
negative to maximum positive emission reached a value as high as 325. The 
large negative emissions obtained during the first ten or fifteen minutes of 
heating under potential indicate an expulsion of negative ions, presumably 
of iodine,' from the heated salt. 

Some readings from a representative set of data are given in Table I. 

7. The distillates were found to be efficient sources of positive and negative 
ionizations. Definite cycles cf maximum negative and positive emissions 
were shown in the repeated heatings of the distillates. Some results are 


briefly indicated in Table II. 


TABLE II. 
Pressure = 0.8 cm. Temperature = 445-465° C. 1 div. = 10~° ampere. 
Substance. Maximum Negative Current. Maximum Positive Current. 
Original Cdl... .. , 800.0 10.5 
1st distillate....... 0.9 30.4 
2d distillate...... us 92.0 33 
3d distillate. ... 0.9 16.6 
4th distillate. ...... 52.3 4.2 


8. The variations in the valves of the ionizations produced in the several 
reheatings of the distillates cannot be attributed to the presence of water vapor. 
It was found that the addition of water to a sample of the original salt increased 
the positive but decreased the negative emission. 

PALMER PHYSICAL LABORATORY, 
PRINCETON UNIVERSITY, 
February 20, 1912. 


THE EXPANSION OF WATER BELOW ZERO DEGREE CENTIGRADE.” 
By JOHN FRED MOHLER. 


HE anomalous behavior of water when it is cooled to near the freezing 
point has long been known. Calling the volume of water unity at the 
temperature of its greatest density, its volume at zero, when it freezes is 
1.000132 and at 814 degrees above zero it is the same, while at 4 degrees it is I, 
and at 10 degrees it is 1.000273, the curve or volume and temperature showing 
its minimum at 4 degrees or a little less than 4 degrees, and being steeper on 
the colder side of the minimum. 

It is also known that water in a fine capillary tube will not freeze as readily 
as water in an open vessel. It occurred to me that I might use this non-freezing 
property of a capillary tube to get the expansion of water below zero. Several 

1 See abstract of paper on ‘‘ The Ions Emitted by Hot Salts,"’ by O. W. Richardson, New 
York meeting, March, 1912. 

2 Abstract of a paper presented at the Washington meeting of the Physical Society, Dec. 
27-30, I9II. 
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capillary tubes were drawn two and a half meters long with a diameter ranging 
from .188 mm. to .38 mm. These tubes were folded over several times, then 
filled with distilled water that had just been boiled, and then sealed at the 
larger end. This capillary tube was then fastened to a glass tube silvered 
on the inside and having etched on it a millimeter scale. This scale with the 
capillary tube attached was then placed in a large vessel filled with cold brine. 


The position of the column of water in the tube was read with a low power mi- 


croscope and the brine could be thoroughly agitated so that the temperature 
was constant throughout the vessel. The temperatures were taken with a 
thermometer reading to 1/10 degree. Four series of measurements were made 
with one tube and one with another. The series giving the lowest temperature 
reached, —13.55, is given below. The scale readings are mm.; the temperature 
readings are corrected. 


Scale Reading. Temperature. Scale Reading. Temperature. 


32.8 +21.8° 33. — 6.60 
39. + 3.95 34.1 —5.75 
+ 6.05 34.8 —5.1 
— 9.85 35.5 —4.1 
— 9.15 
— 13.55 
— 13.55 
— 13.05 
—11.7 
—10.25 
31. — 8.95 
ke — 7.85 


nae J 





\ diagram of this set of observations is also given. On the diagram tempera- 
tures are measured along the horizontal axis and scale divisions along the vertical 


axis. The curve AOB is the observed curve giving the relative expansion of 


T« mp. Vol. Temp. 


+ 4 1. + 4 
1.000132 8.12 
1.000227 9.4 
1.000327 10.6 
1.000447 11.7 
1.000620 13.15 
1.000825 14.65 
1.001051 16.1 
1.001282 17.45 
1.001501 18.65 
1.001754 19.9 
1.002069 21.35 
1.002369 22.7 
1.002715 24.1 
1.003078 25.5 
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Since the volume of water at zero and at eight and one eighth 
degrees is the same, the line COD drawn through the 0 and 8% points of the 
curve will then represent the expansion of glass with negative sign. By 
adding the difference between the line COD and the horizontal line EOF to 
the curve AOB we get the curve HOK, which is the curve of expansion of 


water in glass. 











water. It will be noticed that it is considerably steeper on the colder side of 
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Fig. 1. 


the minimum volume. A table of comparative volumes follows. The values 
for volumes above zero degree are taken from the Smithsonian Physical Tables, 
fifth revised edition. 
Desprez, Pierre and Weidner, published in Winkleman’s Handbuch der Physik, 


Vol. II., Second Part, p. 93. 








A similar table is likewise given of the results found by 


Mean Value of Volume Given by Desprez, Pierre and Weidner, the Volume at 4 Being 1. 








Temperature. Volume of Water. Temperature. | Volume of Water. 
4 1. — 5 1.000702 
0 1.000125 — 6 1.000890 
-1 1.000212 -7 1.001096 
—2 1.000309 — 8 1.001328 
—3 | 1.000422 -— 9 1.001586 
—4 | 1.000556 —10 1.001855 


DICKINSON COLLEGE, 
February 22, 1912. 








